
PHYSICAL REVIEW A 73, 053810 �2006�
Frequency-dependent squeeze-amplitude attenuation and squeeze-angle rotation
by electromagnetically induced transparency for gravitational-wave interferometers
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We study the effects of frequency-dependent squeeze-amplitude attenuation and squeeze-angle rotation by
electromagnetically induced transparency �EIT� on gravitational-wave �GW� interferometers. We propose the
use of low-pass, bandpass, and high-pass EIT filters, an S-shaped EIT filter, and an intracavity EIT filter to
generate frequency-dependent squeezing for injection into the antisymmetric port of GW interferometers. We
find that the EIT filters have several advantages over the previous filter designs with regard to optical losses,
compactness, and the tunability of the filter linewidth.
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I. INTRODUCTION

The gravitational-wave �GW� community is currently ex-
ploring strategies to overcome the quantum limited sensitiv-
ity of next-generation GW interferometers. One of the most
promising techniques is the injection of squeezed fields into
the antisymmetric �dark� port of the GW interferometers �1�.
Future GW interferometers will use higher circulating power
to reduce shot noise at high frequencies, but this increase in
power makes the radiation pressure noise significant at low
frequencies. The effect of the radiation pressure noise is to
ponderomotively squeeze the optical fields with a frequency-
dependent �FD� squeeze angle due to the FD response of the
test masses �2�. This presents difficulty in injecting
squeezed-states into the interferometer because the squeeze
angle of the squeezed state source must be matched to the
ponderomotive squeeze angle. Squeezed-state sources are
generally frequency independent, but the desired angle may
be produced by using optical cavities placed between the
squeezed-state source and the interferometer as filters. Both
filters that rotate the squeeze angle to match the ponderomo-
tive squeeze angle �2,3� and filters that attenuate the anti-
squeezing in a desired band �4� have been proposed. The
attenuation filters operate on the principle that the squeezed
state with a frequency-independent squeeze angle has benefi-
cial effects over some frequency band, but harmful effects
over other frequency bands, and those harmful effects can be
mitigated by introducing a FD optical loss. The previously
proposed cavity filters �2,4�, while producing the desired ef-
fects, are difficult to build because they require cavities with
narrow linewidths comparable to the bandwidth of the inter-
ferometer �100 Hz�, which require either kilometer-scale
cavities, or high-finesse cavities. For squeeze-angle rotation,
high-finesse cavities are somewhat undesirable due to high
optical losses. For example, assuming a round-trip optical
loss of 20�10−6, a cavity would have to be nearly 100 m to
maintain an effective loss of 10% or less. In this paper, we
propose alternative filter designs based on electromagneti-
cally induced transparency �EIT� media, for both attenuation
and rotation, that do not require long or high-finesse cavities,
and also have increased tunability.

Several properties of EIT media make them a potentially
advantageous alternative to ultralow-loss or kilometer-scale
optical cavities. First, EIT media typically have narrow trans-
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mission resonance linewidths; the narrowest linewidth re-
ported is 1.3 Hz in a paraffin-coated cell with 85Rb as the
EIT medium �5�. The EIT media can also be very compact,
with typical lengths of �10 cm. Second, the resonance line-
width may be adjusted in noninvasive ways, by changing the
atomic density �6� or drive field intensity �7�, to optimize the
filtering. Altering the linewidth of an optical cavity, on the
other hand, usually requires changing the transmission of the
mirrors or the macroscopic cavity length. Other variable re-
flectivity techniques, e.g., three-mirror cavities, are possible,
but issues of fringe control, scattered light, and mode mis-
match are compounded in such systems. Third, EIT media
can be nearly 100% transmissive for the probe field �8,9�.
Fourth, mode matching of the spatial mode of the squeezed
�probe� beam to that of the EIT is not critical, as it is for an
optical cavity, where mode mismatch can be a significant
source of optical loss.1 Fifth, EIT media have also been
shown to preserve squeezed states in transmission �10�.
These reasons lead naturally to consideration of using EIT
for squeezed-state filters.

The paper is organized as follows: In Sec. II we develop
the theoretical formulation of how an EIT medium gives rise
to squeeze-state attenuation and squeeze-angle rotation, and
we derive the quadrature noise at the output of an example
gravitational-wave interferometer for a generic input
squeezed state; in Sec. III we analyze three different cases of
EIT filtering of the input squeezed state and derive the quan-
tum noise limited sensitivity of the GW interferometer for
each case; we summarize our findings in Sec. IV.

II. THEORY

In this section we relate the general properties of the EIT
medium, as described by a complex transmission coefficient,
to the propagation of the squeezed state, in terms of rotation
and attenuation. We then apply this formulation to the output
of a GW interferometer.

A. Squeeze-amplitude attenuation and squeeze-angle rotation
by EIT

The energy level scheme for one-photon resonant EIT is
shown in Fig. 1�a�. Using the parameters defined in Fig. 1,

1See Fig. 5 of Ref. �8�, e.g., where the authors showed that the
probe field �in our case a squeezed state� need not be mode matched

to drive laser spatial mode, but be just contained within this mode.
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the EIT transmission as a function of the sideband frequency,
�, is given by

T��0 + �� = exp�i�
0

l

kEIT��0 + �,z�dz� , �1�

where kEIT is the wave vector of the probe field through the
EIT medium. For most cases, it is reasonable to assume that
the susceptibility of the medium 	���0+� ,z� 	 �1 and �
��0; then, the wave vector can be written as

kEIT��0 + �,z� =
�0 + �

c

1 + ���0 + �,z�

�
�0

c
�1 +

���,z�
2

� . �2�

In the frequency domain, substituting Eq. �2� into Eq. �1� and
moving into the rotating frame of the probe field, a, with
frequency, �0 �11�, we find the EIT transmission at sideband
frequencies, ±�,

T�±�� = T±ei�±, �3�

where

T± � exp�−
�0

2c
�

0

l

�2�±�,z�dz� , �4�

�± �
�0

2c
�

0

l

�1�±�,z�dz . �5�

Here �1�� ,z� and �2�� ,z� are the real and imaginary parts
of ��� ,z�. �1�� ,z� is responsible for phase shift and

FIG. 1. �Color online� �a� A generic three-level EIT system. The
susceptibility of the EIT medium, �, is a function of the frequency
of the probe field, �0, the sideband frequency, � �relative to the
carrier frequency of the probe, �0�, the frequency of ground-state
splitting, �bc, the two-photon detuning of the probe field, �=�0

−�d−�bc, the one-photon detuning of the drive field, 
, and the
length of the EIT medium, l. �b� A proposed configuration for a
squeeze EIT filter and GW interferometer, where SQZ
=squeezed-field generator; EIT=EIT filter; IFO=GW interferom-
eter; CIR=circulator; PD=photodetector.
�2�� ,z� is responsible for signal strength attenuation.
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When the input field, a, is injected into an EIT medium,
the output field, b, and its adjoint, b†, are given in terms of a
and its adjoint, a†, by

b��� = T���a��� + L+���v��� , �6�

b†�− �� = T*�− ��a†�− �� + L−
*�− ��v†�− �� , �7�

where L± is the EIT absorption coefficient such that

L± = 
1 − T±
2 , �8�

and v is a vacuum field coupled in by the absorption loss.
a��� and a†�−�� satisfy the commutation relations

�a�±��,a†�±���� = 2���� − ��� , �9�

and all others vanish �similarly for v��� and v†�−���. In the
two-photon representation, the amplitude and phase quadra-
tures of a are defined as

a1��� =
a��� + a†�− ��


2
, �10�

a2��� =
a��� − a†�− ��


2i
, �11�

respectively �similarly for b and v�. We find the amplitude
and phase quadrature fields of the output, in compact matrix
form, to be

b = Ma + 
1 − �A+
2 + A−

2�vs, �12�

where we use the two-photon matrix representation

a � �a1

a2
� �13�

for the operator, a �and similarly for b and v�, and

M = ei	−�cos 	+ − sin 	+

sin 	+ cos 	+
�� A+ iA−

− iA− A+
� �14�

is a matrix representing propagation through the EIT me-
dium. M comprises an overall phase shift, 	−, rotation by
angle, 	+, and attenuation by a factor, A+. Here, we have
defined

	± �
1

2
��+ ± �−�, A± �

1

2
�T+ ± T−� , �15�

and performed a unitary transformation on v, such that


1 − �A+
2 + A−

2�vs =
1

2
� L+ + L− i�L+ − L−�

− i�L+ − L−� L+ + L−
�v

�16�

and vs behaves as ordinary unsqueezed vacuum. For sym-
metrical line shapes with respect to the carrier, �1���
=−�1�−��, and 	+ therefore vanishes, giving no quadrature
angle rotation, but attenuating the signal strength. For asym-
metrical line shapes, nonzero 	+ gives quadrature angle

rotation.
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B. Application to GW interferometers

For a conventional GW interferometer with arm lengths L
and mirror masses m, the Fourier transform hn=hn��� of the
optical noise in the GW strain signal when a �n� �EIT-
filtered� squeezed field b is injected into the dark port is
given by �2�

hn��� =
 4�

m�2L2K
�b2 − Kb1�ei tan−1��/��, �17�

and

K��� =
8I0�0

mL2�2��2 + �2�
�18�

is the effective coupling constant that relates motion of the
mirrors to the output signal. Here, � is the linewidth of the
arm cavities �typically ��2��100 Hz�, �0 is the carrier
frequency of the incident laser light, and I0 is the laser power
at the beam splitter.

Assuming no losses other than those associated with the
EIT filter, a squeezed state with squeeze factor r and squeeze
angle =0+	+ is injected into the antisymmetric port of the
GW interferometer through the EIT filter �see Fig. 1�b��. The
input angle 0 may be arbitrarily chosen by microscopic
variations in the distance between the squeezed-state source
and the interferometer. The spectral density of the noise at
the output of the GW interferometer is then

Sh =
4�

m�2L2�K +
1

K�V+�, �19�

where V+�=V+sin2�+��+V−cos2�+��. Here,

���� = cot−1K��� �20�

is the effective ponderomotive squeeze angle of the interfer-
ometer, and the noise in the antisqueezed and squeezed
quadratures, V+ and V−, respectively, is given by

�V+

V−
� = �A+

2 A−
2

A−
2 A+

2 ��e+2r

e−2r � + �1 − �A+
2 + A−

2�

1 − �A+
2 + A−

2�
� . �21�

III. EIT FILTERS

In this section, we propose three kinds of EIT filters: �i�
low-pass, bandpass, and high-pass squeeze-amplitude attenu-
ation filters; �ii� an S-shaped filter as a frequency-dependent
squeeze angle rotator; and �iii� an intracavity EIT filter as a
frequency-dependent squeeze-angle rotator.

To obtain expressions for the EIT transmission T�±��, it
is useful to use the following formulae for EIT susceptibility,
� �12,13�

�0

2c
�

0

l

�1�±�,z�dz = A�
�
��� ± ��

�2 + �� ± ��2

+ B�
�
�2

�2 + �� ± ��2 , �22�
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�0

2c
�

0

l

�2�±�,z�dz = A�
�
�2

�2 + �� ± ��2 + B�
�
��� ± ��

�2 + �� ± ��2

+ C�
� , �23�

where � is the EIT resonance linewidth and the coefficients
A, B, and C depend on the intensity and detuning, 
, of the
drive field. The first term on the right-hand side in Eq. �22�
corresponds to asymmetric phase dependence on the two-
photon detuning �±�, and the second term is responsible for
symmetrical Lorentzian dependence. Similarly, the first term
in Eq. �23� corresponds to symmetrical dependence on the
absorption coefficient of the EIT medium, the second term
indicates asymmetric absorption, and the third term corre-
sponds to broadband absorption in the medium. Inserting
Eqs. �22� and �23� into Eqs. �4� and �5�, we get explicit
expressions for T± and ±, which are used to calculate the
noise at the output of the GW interferometer Sh, as described
in Sec. II B.

A. Squeeze-amplitude attenuation filters

If we take A=−C, B=0, C�10, and �=0 �7�, then
�0

2c 0
l �2�±� ,z�dz�10 for ��� and

�0

2c 0
l �2�±� ,z�dz�0 for

���, and we obtain a symmetric EIT transmission line
with A−=0 and 	+=0. This can be used as a squeeze-
amplitude filter that retains squeezing at low frequencies, but
causes ordinary �unsqueezed� vacuum to replace the anti-
squeezed noise at higher frequencies that are outside the EIT
bandwidth. This is equivalent to the low-pass filters proposed
in �4�. Similarly, buffer gas-induced electromagnetically in-
duced absorption �BGIEIA� �12� may be used as a high-pass
filter. BGIEIA is similar to EIT, with a narrow-band absorp-
tion resonance instead of the transmission resonance of EIT.
High-pass filtering with BGIEIA can be realized with
parameters A�10, B=0, C=0, and �=0, such that
�0

2c 0
l �2�±� ,z�dz�0 for ��� and

�0

2c 0
l �2�±� ,z�dz�10 for

���. A combination of two EIT resonances, equally de-
tuned from the carrier �obtained by Zeeman splitting �14��,
serves as a bandpass filter. In Fig. 2 the effects of low-pass,
bandpass, and high-pass EIT filters on the noise spectral den-
sity of a GW interferometer are shown by the curves labeled
“low pass” �red�, “bandpass” �dark green�, and “high pass”
�cyan�, respectively. The noise spectra are normalized by the
noise spectral density of a conventional interferometer with
no squeezed-state injection, which corresponds to the unity
in Fig. 2. In each case, the harmful effects of squeezing with
a constant squeeze angle are reduced.

B. Squeeze angle rotation filters

The filters discussed so far only provide attenuation of the
squeezing; they do not produce any squeeze-angle rotation.
We now introduce two cases of EIT that also produce
squeeze-angle rotation.

1. S-shaped EIT filter

In principle, optimum squeeze-angle rotation, correspond-
ing to �−�, can be obtained with an asymmetrical — or
-3
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S-shaped — EIT filter, realized under conditions similar to
BGIEIA with parameters A�0, B=−� /2, and C� 	B	. In
this case, the noise spectral density can be optimized over
most frequencies. However, as is evident from the curves
labeled “S resonance” �brown and blue� in Fig. 2, the im-
provement is small because of the high off-resonance losses
associated with the coefficient C; optimization would require
setting C=0. The noise is decreased at both high and low
frequencies, but worsened in the middle of the band due to
two effects. First, the imbalance in absorption �A−�0� be-
tween the upper and lower sidebands required to obtain the
squeeze-angle rotation causes the quadratures to be mixed
and the noise may be higher than shot noise. Second, the
imperfect squeeze-angle rotation, �−�, couples in noise
from the antisqueezed quadrature.

2. Intracavity EIT

Placing an EIT medium in an optical cavity narrows the
cavity linewidth �15,16�. We consider a symmetric EIT trans-
mission resonance, such as the one used for our low-pass
filter, with a large linewidth ��10 kHz, such that T±�1,
	+�0, and 	−� ±

�0l

2c �
d�1

d� 	�=0 in the frequency band of in-
terest �100 Hz�. This configuration may be understood in
terms of the group velocity of the light through the EIT
medium,

vg =
c

�0
��d�1

d�
�

0
�−1

. �24�

We may then express

FIG. 2. �Color online� The noise spectral density of a GW in-
terferometer, normalized to the noise density with no squeezed-state
injection. We show the effect of low-pass �red�, bandpass �green�,
high-pass �cyan�, S-shaped �blue for low and brown for high ab-
sorption levels�, and intracavity �black� filters and compare it to
frequency-independent schemes. The dashed curves show unfiltered
squeezing of the a1 �green� and a2 �red� quadratures.
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	− �
l

2vg
� =

�le

c
,

where le= c
2vg

l is the effective cavity length. The EIT medium
serves as an additional delay line inside the cavity. A group
velocity as low as 8 m/s in a 12 cm long Rb vapor cell was
demonstrated by Budker et al. �5�, giving an effective length
on the order of 106 m. To use intra-cavity EIT as a squeeze-
angle rotation filter, we must detune the cavity �but not the
EIT medium� from the carrier. For this case, the rotation
arises from the detuned cavity, similar to the filters in Ref.
�2�, and not from the EIT. The EIT acts only to modify the
resonant linewidth of the cavity by increasing its effective
length. To achieve the required 100 Hz linewidth for the fil-
ter, we use an EIT with a large effective length, combined
with a short cavity. The performance of this cavity is essen-
tially identical to that of an isolated cavity with no EIT and
length equal to le, and may achieve optimal squeeze-angle
rotation with a much smaller optical loss than a traditional
cavity of the same linewidth with the same real �not effec-
tive� length, giving improved GW interferometer sensitivity
at all frequencies. We note that T±�1 is a reasonable ap-
proximation because of the narrowed linewidth of the system
�Tivg / l��, where Ti is the transmission of the cavity input
mirror�. Detailed calculations show that the effective loss of
the system may even be reduced by placing the EIT in a
shorter cavity for some parameter choices. The broadband
reduction of noise from such an intracavity EIT filter is
shown in the curve labelled “intracavity EIT” �black� in Fig.
2, and corresponds exactly to the much-coveted optimal
frequency-dependent squeezing of Ref. �2�.

IV. CONCLUSIONS

In summary, we have shown that frequency-dependent
squeeze-amplitude attenuation and squeeze-angle rotation by
EIT can improve the sensitivity of GW interferometers. We
find that the EIT filters perform the same functions as previ-
ous filter designs, but may be easier to implement, due to
lower optical losses, compactness, and easy linewidth tun-
ability. While suitable EIT media for the 1064 nm transition
— the wavelength of laser light in present GW interferom-
eters — have not yet been identified, we note that the ideal
wavelength for future GW interferometers may well be de-
termined by availability of high-power lasers, low-absorption
optical materials, squeezed light sources, high quantum effi-
ciency photodetectors, and perhaps EIT filters.
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