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Experiments have shown that several materials, including MgB,, iron-based
superconductors and monolayer NbSe,, are multiband superconductors.
Superconducting pairing in multiple bands can give rise to phenomena
notavailablein asingle band, including Leggett modes. A Leggett mode
isthe collective periodic oscillation of the relative phase between the
phases of the superconducting condensates formed in the different bands.
The experimental observation of Leggett modes is challenging because
multiband superconductors are rare and because these modes describe
charge fluctuations between bands and therefore are hard to probe
directly. Also, the excitation energy of a Leggett mode is often larger than
the superconducting gaps, and therefore they are strongly overdamped
viarelaxation processes into the quasiparticle continuum. Here, we show
that Leggett modes and their frequency can be detected ina.c. driven
superconducting quantum interference devices. We then use the results

to analyse the measurements of such aquantum device, one based on
aDirac semimetal Cd,As,, in which superconductivity isinduced by
proximity to superconducting Al. These results show the theoretically
predicted signatures of Leggett modes, and therefore we conclude that
aleggett modeis present in the two-band superconducting state of Cd,;As,.

The superconducting state is well described by acomplex order param-
eter A(r) =14(r)|e"®, characterized by an amplitude and a phase that,
in general, depend on the position r. The time dependence of A(r)
describes the collective, low energy excitations of a superconduc-
tor. In a standard single-band superconductor there are two types
of collective excitations: Anderson-Higgs modes, corresponding to
fluctuations of 14| and pseudo-Goldstone modes, corresponding to
fluctuations of the phase ¢. The Fermi surface of a multiband metal is
formed by several generally disconnected Fermi pockets. In this case,
atlow temperatures, the metal canbecome a multiband superconduc-
tor characterized by different order parameters 4; for different Fermi
pockets'™, as shown schematically in Fig. 1a. It was pointed out® that
amultiband superconductor will have additional collective modes
corresponding to fluctuations of the phase difference between the
order parameters of different Fermi pockets. So far, evidence of Leggett
modes has been obtained only via direct spectroscopy techniques in
MgB, (refs. 7-11) and, more recently, in an Fe-based superconductor®.

Using an approach of limited applicability, ithad been theorized thatin
Josephsonjunctions (JJs) in which one lead is formed by a single-band
superconductor and the other by a two-band superconductor, signa-
tures of a Leggett mode could be present®.

Here we show, using a different method, how the presence of Leggett
modescanbeobservedinjJsandina.c.-driven superconducting quantum
interference devices (SQUIDs) inwhich allthe leads are formed fromthe
same multiband superconducting material. This opensanew approach
tothe detection and characterization of Leggett modes. In addition, we
show that measurements on SQUIDs based on the superconducting Dirac
semimetal (DSM) Cd,As, display the theoretically predicted unique sig-
natures associated with the presence of aLeggett mode. Thisadds Cd,As,
tothelist of the few materials exhibiting the presence of Leggett modes
and points to the unusual multiband character of the superconducting
state in this material and possibly more generally in DSMs.

Foratwo-bandsuperconductor, the dynamics of the Leggett mode
canbe described by the effective Lagrangian
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Fig.1|Leggett modesin SQUIDs. a, Schematic showing the relative phase ¢ between
the two superconducting order parameters. b, SQUID circuit diagram. The boxes
representindividual]Js, whose effective RCS) modelis shownind. ¢, Diagram showing
the superconducting phases acrossa}).d, Effective RCS) model of individual ).

= (1/2)Cpp(h/2€)*(dp/dt)’ + (h/2€)l, cos(@ — o), (1)

where fiis the reduced Planck’s constant, C,, is the interband capaci-
tance, eis the electron’s charge, /,, is the effective interband critical
Josephson current®and ¢, is the equilibrium value of ¢p. From equation
(1) we obtain that when ¢ — ¢, <« 1, ¢ will oscillate with frequency
w, =/ (2e/n)l,/Cy, around ¢,

ASQUID, see Fig. 1b, is formed by two JJs connected in parallel and
encirclingafinitesizearea.Let8; = (plf* - (p[.Lbethedifferencebetweenthe
superconducting order parameter in the right and left lead for band i.
Thenthe currentacross the]J’s leads, for aJj with low-medium transpar-
ency™, is given by I = I; sin(a;0) + I, sin(a,0,) where /;is the critical
supercurrent for band i, and a;is equal to 1for astandard]J and 1/2 for
a topological JJ* . For biased high-transparency topologically
trivialJJs, Landau-Zener transitions can induce a current-voltage
response equivalent to a topological junction'®2°,

To understand the effect of a Leggett mode on the dynamics and
voltage-current (V-/) characteristic of aJJ, we first present a simplified
analysis of a voltage-biased]J. A rigorous analysis of the realistic case
of a current-biased JJ is presented later (see also Supplementary
Section1). The dynamics of the relative phase ¢ caninduce oscillations
in the phase difference ¢ =(6,-6,)/2. Let ¢y = @} — @5 and
¢ = @t — @, Fig. 1c, so that ¢ = (¢g — P1)/2 = Yo + (1), Where @y is
the equilibrium value oftp and ¢(¢) the time dependent part. We can
write 0,=60,+ ¢, 6,=0, - ¢, with 6, = (6, + 6,)/2. In the presence of a
voltage Vacross theJJ S Ieads, we have df,/dt + dy/dt = 2eV/h. We con-
sider the case when V(¢) = V.. + V, .. cos wt. When the Leggett mode
is driven, directly or indirectly, by a periodzic drive, we can assume
P ~ Ay sin(t), with A, ~ Aol 0/(@* — w?)” + I'?w?) the amplitude
of the mode and I, its broadening. In the limit when w = w, so that
Ay, > Vi, /wweobtain:

I= i (=" [l Jn(as(2e/n)V, ¢ f)

sin(8g + Yo + a;(2e/A)Vy .t — nw b) + @

(—1)" L Jn(0224,,) Sin(Bg — Yo + ax(2e/R)Vy .t — nw, D)]

where/,(x) is the nth Bessel function of the first kind. Whena, =a, =1,
depending on the value of ¢, we can have suppression of the odd or
even Shaprio spikes”. For ¢, = 0, we have suppression of the odd steps.
In this case, for w = w, the Shapiro steps’ structure is qualitatively the
same as the one obtained atlow frequencies and powers in the presence
of atopological superconducting channel (&, = @, =1/2), or Landau-
Zener processes in highly transparent junctions'®. For small w, and
non-negligible I, it might be difficult to pinpoint reliably the cause
ofthe missing odd Shapiro steps. However, for the case when ¢, =1/2,
equation (2) leads to a suppression of the even Shapiro spikes, a phe-
nomenon that cannot be attributed to the topological nature of the JJ
orto Landau-Zener processes. Inthe remainder, we assume a, = a, =1
and discuss a concrete situation when we can expect ¢, # 0.

Todescribe the dynamics ofana.c.-current-biased 2-bandJJ, we use
aresistively and capacitively shunted junction (RCSJ) model*-*2. When
placing a lead on the surface of a DSM, the states of the lead couple
strongly tothe DSM’s surface states and weakly to the DSM’s bulk states.
Inthissituation, the supercurrentinthebulk band (band 2) is mediated
by interband processes (Fig. 1d), and a non-zero ¢, is expected. In par-
ticular, we expect ¢, =1/2and ¢, = —T/2 so that ¢, = /2. Inthis scenario,
the values of ¢, and ¢z are not accidental but are the result of self-tuning
inJJsbased on DSMs inwhich superconductivity isinduced viathe prox-
imity effect by a superconductor placed on the surface of the DSM. In
this case, the current’s lowest energy path to the bulk is via aJosephson
supercurrent, II(ZS), betweenthe surface band and the bulk band. Consid-
ering that in general for a JJ, we have the current-phase relation
I® « sin(¢), we see that to maximize the supercurrent between surface
and bulk the system will self-tune in a state in which on the left lead
¢, =m/2 and on the right lead oy = -11/2, given that on the right lead Il(zs)
has to flow in the opposite direction, from bulk to surface, Fig. 1d (see
also Supplementary Fig. 1 and Supplementary Section 1). The capaci-
tancebetweenthetwoleadsis very small compared to the normal resist-
ances R; across the leads, so it can be neglected. Conversely, for the
interband charge flow within the samelead, we can neglect the resistive
channel, considering the non-negligible interband capacitance C;,. The
resulting effective RCS) modelis shownin Fig. 1d.

In the presence of the current bias Iy = Iy + I, cos(wt), the
dynamics of the RCSJ model shown in Fig. 1c are described by the
equations

d9

A 6— + ig(7) — sin 0, — i, sin 6, 3)
d2¢g a)
— + —tp Aoy . cOS(DT) 4)
dr2 J

where w;=2eRl/h, T=wit, R=RR)/(R,+R,), = (R~ R,)/(R, +R)),
o = w/w), iy=Ig/l,i,=1/land Ao = le/(a) 112(R1 + R5)).Intheremain-
der, we set w /wy=0.005, [/w, =75 ><10 , Ap =0.0045,=-0.6
andi,=

The dynamics of the SQUID can be obtained starting from
equations (3) and (4) for each of the twoJJs. In the remainder, we will
denote by X(’ the quantity X for band i in armj of the SQUID, see Fig. 1c.
Weassume the SQUID to be symmetric; the parameters entering theJJs’
RCS)model and the self-inductance L are assumed to be the same for the
leftand right arm of the SQUID. Inexperiments, some asymmetry between
leftand rightJJsis expected. We have checked the effect of asymmetries
in the SQUID and found that: (1) small asymmetries simply cause the
structure of the Shapiro steps to be slightly asymmetric with respect to
thebiasing current, (2) large asymmetries can give rise to acomplicated
subharmonicstep structurearising fromhigher harmonictermsand (3)
asymmetries alone cannot be responsible for suppression of non-zero
even Shapiro steps before entering the Bessel regime. For the kth band,
the phase difference n = (6% - 6)/21 = & + pI® — i®) where
& = P\ /Do is the normalized external flux threading the SQUID,
®,=h/2e,f=1L/D,and i = /I,with I? the total current flowing through
armyj. Using equations (3) and (4) and considering current conservation
and the flux quantization for n, in the limit S <1, in terms of the phases
0=, 0(’)/4 ¢ = ¢ = 9@ = ¢, + (), wefind (see Supplementary
Sectlon 2) that the dynamics of the SQUID are described by the
equations

e Sl -6 9) ©

is(6s, @) = 2 cos(nd) [sin (65 + @) + i, sin(Bs — ¢)]
(6)
—2Bsin’(td) [SIN(2(6 + ¥)) + 2 sin(2(65 — ) + 2, sin(26;)]

in conjunction with equation (4).
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Using equations (4), (5) and (6), weobtainVy . = V= limtf_,oo(l/tf)
fotf[(h/Ze)dGS/dt]dt where tis the total integration time. Let’s first
consider # mod 2 = 0 and set 8=0.051. For |® — w,| > 1, the depend-
ence of V, . withrespect to/, . exhibits the standard Shapiro steps: all
steps are present if either a; or a, is equal to 1, but only even steps are
presentifa, =a,=1/2.Forw = w,, Y, = 0and a, = a,, we have that the odd
steps are strongly suppressed, see Fig. 2a, so that the structure of the
Shapiro steps resembles the structure expected for a topological)J for
which a channel with « =1/2 dominates. However, for ¢, = /2, and
a,=a, =1, we have the unusual situation that only the even Shapiro
steps are suppressed, as shown in Fig. 2b. This behaviour is present as
long as w = 21tfis within the inverse lifetime, I, of the Leggett mode
frequencyf, = @ /2. When fiw, = 21thf; < A, we canexpect/, tobe quite
small. We can calculate the width Wof the Shapiro steps by binning the
7y axis of Fig. 2b for a fixed power. Figure 2c shows the width of the
steps, W,asafunctionof V; . anda.c.frequencyf, assuming I, = 0.05f,.
Weseethatfor |f—f | < I, theevensteps are suppressed while the odd
steps are strong; we also note that for ffar from the resonance, we
recover a voltage-current profile in which all the steps are present
(apart from small corrections due to higher harmonics).

We caninvestigate the effect of the Leggett mode on the Shapiro
steps when the SQUID is threaded by anon-zero magnetic flux @,,.. For
the case when # mod 2 # 0, we first note that for #mod 2 =1, the
second term vanishes. In this case, we find that the SQUID’s V-/ curve
exhibits the same Shapiro steps as for the case & = 0. When @, is a
half-integer of @, the first term on the right-hand side of equation (6)
vanishes and the term proportional to f affects the dynamics of the
SQUID. In this case, when ¢ = 0, the factor of 2 in the argument of the
sine causes the appearance of half-integer Shapiro steps, asinstandard

SQUIDs*when a, = a, =1and the appearance of the odd Shapiro steps
whena, =a,=1/2.

Whenf=f, sothat ¢ is not negligible and @,,, is not amultiple of
@,,the SQUID’s V-/features are difficult to predict fromasimple analy-
sis of the equations. Numerically, for the case whenf=f, ¢, =m/2 and
D= Dy/2, we find that the SQUID has a fairly unique V-/curve, as
shown in Fig. 3. Contrary to the case of a single JJ, the odd step at
V= (hf/2e)is absent,and anew fractional step at V= 3/2(hf/2e) appears
together with a step at V=4(hf/2e), while the step at V =3(hf/2e) sur-
vives. Figure 3b shows the range of values of @, around @,/2 for which
thisstep structureis present, and Fig. 3c shows how the step structure
and the width of the steps depend onthe a.c.frequencyf, for f=f,, when
wext = @0/2

Thediscussion above shows that when the equilibrium phase dif-
ference, o mod 21, between the two superconducting order param-
etersis 0, the microwave response of a SQUID in which an undamped
Leggett modeis present, for w = w,, is similar to one obtained when the
single JJs forming the SQUID have a current-phase relation that is 41
periodic, due either to the presence of atopological superconducting
channel or to Landau-Zener processes. The analysis also shows that
when ¢, = 11/2, the SQUID’s microwave response, both in the absence
and presence of an external magnetic flux @.,,, exhibits unique qualita-
tive features that cannotbe attributed to topological superconducting
pairing or Landau-Zener processes.

InaDSM such as Cd,As,, the bulk three-dimensional conduction
and valence electronic bands touch atisolated points, and a projection
ofthe spectral density onto asurface Brillouin zone reveals Fermiarcs
connecting the bulk Dirac points®**, DSMs with proximity-induced
superconductivity are predicted to be able to realize exotic non-Abelian
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anyons that canbe used to develop topologically protected qubits* and
canbe used in microwave single-photon detection for sensing applica-
tions? . Another aspect of DSMs that has received less attention in
the literature concerns the multiband properties of superconduct-
ing DSMs**"*, By placing a superconducting material on the surface
of Cd,As,, superconducting pairing can be induced in the Cd,As,
(ref. 30-32). The pairing has been shown to be characterized by two
order parameters 4, and 4,. Leggett modes result from oscillations
of the difference between the phases of the superconducting gaps
of different bands, and therefore their presence is always allowed,
regardless of the mechanism—intrinsic as in MgB,, or via proximity
effectasinour devices—responsible for the superconducting pairing.
Inaddition, recentexperiments onsingle]Js formed by superconduct-
ing leads based on Al/Cd,As, have shown compelling signatures of an
equilibrium phase difference 6, — 6, between the two phases across
thejunction, arising from the two superconducting order parameters,
being equal tom, implying ¢, = /2 (ref. 32). Motivated by these results
andthetheoretical analysis above, we have investigated the microwave
response of a SQUID based on Al/Cd;As,. Details about the fabrication
and measurement of the device can be found in the Methods section
and Supplementary Section 5.

At frequency f=2 GHz and @, = 0, the SQUID’s measured dV/d/
exhibits peaks and valleys consistent with the standard Shapiro steps’
structure (Fig. 4a). However, for f=7 GHz and f = 9 GHz, for all the
microwave powers values considered, the first and third steps are
clearly visible, but the second stepis strongly suppressed (Fig. 4b). Con-
sidering that our device shows no hysteretic features in the current-
voltage characteristic and no evidence of a bias-dependent normal
resistance, mechanisms for missing Shapiro steps due to hysteresis®
orbias-dependent resistance® are not relevant. When the zeroth step’s
widthapproacheszerofor/, . =1, the systembeginstoenter the ‘Bessel
regime’, where oscillations in step widths withincreasing power/, . > 1,
regularly occur and can lead to missing steps. Our measurements are
notin the Bessel regime, given that for f= 9 GHz, (1) the zeroth step is
clearly non-zero atall powers and (2) the second step is missing at low
powers, as shown in Fig. 4a,b (see also Supplementary Fig. 8c) and
doesnotre-appear as the power increases. We find it is very difficult to
explain the suppression of even steps at low powers without invoking
the presence of aLeggett mode.

We canestimate the value of w, in our device, as discussed in Sup-
plementary Section 3. We find that w, = 10 GHzis quite smaller than the
value of w, =2.3 THz in MbB, (ref. 8), due to the high density of states
of the bands of Cd;As,. We notice, however, that the precise value of
w, depends on bands parameters whose accurate estimate is hard to
obtain from experiments.

Figure 4c shows the voltage across the SQUID as afunction of the
perpendicular magnetic field Bin the d.c. limit, /,. = 0. SQUID oscilla-
tions of periodicity 1.8 mT are observed, which correspond to an effec-
tive SQUID ring area of 1.14 pm?. Enveloping the SQUID oscillations is
the Fraunhofer diffraction pattern of theJJs. Anomalous oscillations can
alsobe observed for Bsuch that the flux threading asingle]), ®,=B x 4,
A, being the area of the JJ, is a multiple of @,/2. The presence of these
oscillations s consistent with ati-periodic supercurrentineach of the
JJs forming the SQUID because ¢, = 1/2.

InFig.4d we presentasa colour plot the measured dV/d/as afunc-
tion of ¥ and Bin the presence of ana.c.component of the current with

f=9 GHz and relative power —22 dBm. Besides the periodicity of the
Shapiro stepswith respect to B, withaperiod consistent with the perio-
dicity observedinthed.c.limit, Fig. 4c, we observe interesting features
for B=1mT correspondingto @, = ®,/2. To more clearly identify these
features, we showin Fig. 4e the dV/d/tracesforB=0mTandB=1mT.
We see that for B=1mT, that is, @ = ®@,/2, both the first and second
Shapiro steps are suppressed and a 3/2 subharmonic step emerges,
features that are remarkably consistent with the theoretical results
showninFig.3.Tobetter understand the evolution of the Shapiro steps’

structure with @, whenf=9 GHz, inFig. 4f we plot the measured width
of the steps at V= hf/2e and V= (3/2)(hf/2e) as a function of B. We see
thatwhenB=1mT, @, = ®,/2,the width of the first stepissuppressed,
whereas the width of the 3/2 step is enhanced around B=1mT. The
evolution of the 1 and 3/2 steps with @, is in good qualitative agree-
ment with the theoretical results, shownin Fig. 4g.

Our theoretical and experimental results show how the response
to microwave radiation ofJJs and SQUIDs formed by multiband super-
conductors can be used to identify the presence of Leggett modes
in such superconductors. By showing that qualitative signatures in
the response due to Leggett modes appear only when the microwave
frequency is close to the frequency of the Leggett mode, and when,
atequilibrium, the phase difference between superconducting order
parametersis not zero, the results also allow experimentally obtaining
anestimate of the Leggett mode’s frequency and its broadening and of
therelative phases between superconducting gaps, all quantities that
areotherwise challenging to measure experimentally. When the density
of statesislarge, theenergy of the Leggett mode canbe well below the
superconducting gap making it underdamped and therefore more
easily observable and more relevant for the low energy behaviour of
the superconductor. This should make our results, and more generally
the physics of Leggett modes, relevant for the superconducting states
of flatband systems, such astherecently realized twisted bilayers, that
in the metallic phase have multiple bands crossing the Fermi energy.
Finally, our results suggest that the superconducting state induced in
the DSM Cd,As, by the proximity of a standard s-wave superconductor
might be characterized by a non-zero difference between the phases
of the order parameters®, making such state very interesting from a
fundamental point of view and for possible technological applications.
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Methods

Fabrication

Mechanical exfoliationis used to obtain flat and shiny Cd,As, thin flakes
of thickness ~200 nm from aninitial bulk ingot material®, synthesized
via a chemical vapour deposition method**. The SQUID structure is
fabricated by first depositing the Cd,As, thin flake on a Si/SiO, substrate
withal-um-thick SiO, layer. Next, e-beam lithographyis used to define
300-nm-thick Al electrodes. Additional details about the device can
be found elsewhere®.

Measurements

To measure the sample resistance, an approximately 11 Hz
phase-sensitive lock-in amplifier technique is used with an excitation
current of 10 nA. To measure the differential resistance, alarge direct
current up to 2 pA is added to the a.c. current. The entire device is
immersed in a cryogenic liquid at a temperature of approximately
0.25K, well below the device’s superconducting transition tempera-
ture. To measure the microwave response of the device, an Agilent
83592B sweep generator is used to generate microwaves, which are
conducted through a semirigid coax cable.

Simulations
The numerical integration of the dynamical equations has been per-
formed using the adaptive Runge-Kutta methods of order four and five.
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SUPPLEMENTARY INFORMATION

I. DYNAMICS OF A TWO-BANDS JOSEPHSON JUNCTION IN THE PRESENCE OF A LEGGETT
MODE

Let’s consider a Josephson junction (JJ) where each of the superconducting electrodes are two-band superconductors
with phases ¢, ¢o. Let the intraband phase differences across the junction be 6; = ¢ —¢F. To describe the interband
dynamics in the JJ, we consider the resistively and capacitively shunted junction (RCSJ) model shown in Fig. 1 (d).
For the ac Josephson effect we have that the voltage V' across a weak link, denoted by crosses in Fig. 1 (d), is given
by V = h¢;/2e, where gp is the phase difference across the weak link of the superconducting order parameters. Let
o1 = ¢F — oL, op = ¢ — Lt and 6, = ¢ — ¢F. From Kirchhoff’s voltage law applied to the loop formed by the
weak links in Fig. 1 (d) we obtain

¢ + 0y — ¢ — 01 =0 (S1)

and then 92 — 91 = ¢R — q.SL.

Let I, I be the interband critical dc Josephson current on the left side and right side, respectively, of the circuit
shown in Fig. 1 (d) of the main text, and Cl,, Cf the left-side, right-side, interband capacitances. From charge
conservation we obtain

Ihy sin gy, + %CfQ(;SL = I>sinfy + 2€R2 02 (S2)
L singr + 5 Clio" = —(Isinfs + - Rz f2) (S3)
If we assume Cfy = CF = Cy5 and Iy = I = I, it is clear that ¢ = —¢. Then, from Eq. (S1) we obtain
6, —0
Y= 12 2 =1 =—on. (S4)

Equation (S4) establishes the direct relation between phases across the Josephson junction, 6;, and the phases ¢g, ¢,
characterizing the Leggett modes in the two superconducting leads. In particular Eq. (S4) implies that the dynamics
of the Leggett modes will in general affect the dynamics of the phases across the JJ.

We now obtain the dynamics of the current biased JJ shown in Fig. 1 (d) taking into account the presence of a
Leggett mode. When a bias current I is applied across the junction, charge conservation gives

Vi Vo
Ig=1 0, + I O+ — + — S5
B 18in 67 + I sin 2+R1+R2 (S5)

where I; is the critical Josephson current for the i** band and V; /R; is the current through the resistive channel in
the i*" band. Let 64 = (6; + 63)/2. Considering Eq. (S4), we can write 6; = 04 + 1, o = 4 — 1 and then

h
Ip —Ilsln91+lgsln92+ 5oR (9,4—&/}) (S6)
where R = Ry Ry/(R1 + R2) is the parallel resistance of the resistors Ry and Rs, £ = (R; — R2)/(R1 + R2) quantifies
the asymmetry in resistance between the bands. Defining w; = 2eRIi /h, T = wyt, we can write Eq. (S6) as

do d

= f—w—l-zB—smGl—zgstg (S7)

dr dr
where currents have been normalized with respect to I;: ip = Ip/I; and is = Iz/I;. Equation (S7) is the key
equation to describe the behavior of the 2-band JJ, and SQUID (see next section), in the presence of a Leggett mode.
The key modification due to the Leggett mode is the term £dvy/dr. The evolution in time of ¢ (¢) depends on several
microscopic details that are beyond the level of the effective description used here. We have assumed (t) to follow
the dynamics of a harmonic oscillator driven by a periodic term due to the microwave radiation. Below we show that,
in first approximation, this simplified evolution is also consistent with the RSCJ model shown in Fig. 1 (d).

We can rewrite Eq. (S3) in the form:

2 2 2
42y Rw? dv | w L = W2 Ry

2 iy + Ra) dr &2 Zin(Rr + Ra) [ip + (Ra/Ri)igsin(@a — 1) —sin(04 + )] (S8)



where 415 = I1a/I1, wr, = \/(2e/h)[12/C12 is the Leggett mode’s frequency, and ig = i4c + iqc cos(wT) Equations (S7)
and (S8) completely define the dynamics of the two-bands JJ described by the effective RCSJ circuit shown in
Fig. 1 (d). Eq. (S8) is equivalent to the equation for a damped, driven, oscillator; the right hand side of the equation
being the driving term. To qualitatively understand the effect of a resonant Leggett mode, in first approximation, we
can neglect the damping term proportional di/dr, and the term i4. + (R2/R1)izsin(64 — ¢) — sin(64 + ¢) on the
right hand side of the equation. Then by linearizing the sin around the equilibrium value vy for z/; =Y — Yy we
obtain the simple equation

) Wl - Wi Ry
— 4+ S = —5——+———i4.cos(w S9
dr? w%w wipn(Ry + Ry) ¢ (@r) (59)
describing a harmonic oscillator periodically driven by a force of amplitude Agige, with Ag = w? Ry /(w3iia(Ry + Ry)).
Here @ = w/wy. In our calculations the effect of the damping term is taken into account by considering a finite

broadening, I'y, of the Leggett mode’s resonance frequency.
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Figure S1. a Schematic currents across a JJ based on a DSM. b Schematic of phases across a JJ based on a DSM.

In this model the current flows into the bulk of the DSM only via the surface states, as shown by the schematic
circuit of Fig. 1(d). The lowest energy path for the current to flow into the bulk is via a Josephson supercurrent, I,
between the surface band and the bulk band. Considering that in general I o sin ¢, where ¢ is the difference between
the phases of the superconducting order parameters, we see that to maximize the supercurrent between surface and
bulk the system will self-tune in a state for which ¢ ~ 7/2 on the left lead, and ¢ ~ —7/2 on the right lead, given
that in the left lead the interband current (I12) flows from surface to bulk and in the right lead it flows from bulk to
surface, see Fig S1 (a). Another possibility is that finite phase differences, ¢ ~ 7/2 on the left and ¢ ~ —7/2 on the
right (or vice-versa), between bands 1 and 2 might arise due to the establishment of time-reversal broken symmetry
states as suggested in Ref.!.

The presence of interband phase differences approximately equal to +m/2 is also consistent with the anomalous
behavior in the dc response of the SQUID that we present in Fig. 4 (b). As for the case of a single JJ 2, the SQUID’s
response in the dc limit can be attributed to a m-phase overall difference between the two effective channels connecting
the left and right leads, see Fig. S1 (b).



II.

DYNAMICS OF A SQUID FORMED BY TWO-BANDS SUPERCONDUCTING LEADS AND IN
THE PRESENCE OF A LEGGETT MODE.
In this section we derive the equations that we use to simulate the dynamics of a two-bands SQUID in presence of
a resonant Leggett mode. We assume the SQUID to be symmetric:
2 1
cy) =cP =cyy; RY
Ig) — 7

K2

21 = I,

charge conservation and magnetic flux quantization we have:

=RP =R, 1VW=1?=y
2 2
o1 =1 1(2) =15y
where Xi(j ) denotes quantity X in band ¢, and arm (j) of the SQUID. Normalizing as usual the currents with I7, from

iD 4@ =g (S10)
@ _ g g
JO e 0T =0 2 m (S11)
2np3 g B
where § = I L/®y, b= Doy /®o, and m is an integer that without loss of generality we can set equal to zero. For
the total current in arm (j) we have:
: ho deVY noodey) _ _
() — 1 2 in(o\) i) gin(g)
O S e dat T ereny ar TSmO i sin(0y).
Let’s now define
1 1 2 2
¢m:ﬁlj£l wm:ﬂlﬁﬁ.
= 5 : =

(S12)
5 M

2 1
oo
2 '

0(2) . 0(1)
Ny = 2 2 .

27 ’
Because the flux quantization condition is the same for both bands, we have 1, = 1, = 7, and ¥*)

1 )
@:ZZE. (S13)
ij
the phase associated to the Leggett mode and its dynamics is given by Eq. (S9). By using Eq. (S12) to express (/)
in Egs. (S10), (S11) we obtain the following dynamical equations for 6, and 7

=@ = o is
dé, dy ip 1.
dr - g% = ? - 57’8(0371/}’77) (814)
g n  ®
1= 1
M =373 +id(0s,,1m) (S15)
where
i5(0s,00,m) = sin 08 +sin 012 + iy[sin 05 + sin 657
=sin(fs + ¢ — mn) + sin(bs + ¢ + ) + iz[sin(bs — ¥ — wn) +sin(0s — ¥ + wn)]; (S16)
ia(0s,1,m) = sin 951) —sin 952) + dg[sin 951) —sin 952)]
=sin(s + 1 — m) — sin(fs + 1 + 7)) + ia[sin(fs — ¢ — wn) — sin(fs — ¥ + wn)] (S17)
i, is the supercurrent fraction of the total current across the SQUID. In the limit 8 < 1 we can assume*
n=&+ B+ 0(B). (S18)
From Eq. (S15), for 7, we find:
ij = 2sin(7®)[cos(0s + ¥) + iz cos(fs — )] + O(B)]
linear order in 3:

(519)
Replacing in the equation (S16) for is the expression for 7 obtained by combining Egs. (S18), (S19), we obtain, to
is(0s,1p) =2 cos(n®)[sin(, 4 1b) + iz sin(f — )] —

2B sin? (7®)[sin(2(0, + 1)) + i2 sin(2(0; — 1)) + 2iq sin(26,)].
Notice that up to linear order in 8 is only depends on 64 and .

Equations (S14), (520), and (S9) completely determine the dynamics of the SQUID. To numerically integrate these
used in the simulations are given in Table I.

(S20)
non-linear differential equations we used an adaptive fourth-order Runge-Kutta method. The parameters of the model



wr/wy| Tr/wr A E || B
0.005 |7.5-107°|4.5-107%|-0.6|1.5/0.057

TABLE L

III. ESTIMATION OF wy,

We can estimate the value of wy, = \/% in our device by considering that in the experiment the critical current

I. ~ 1pA so that I1p ~ 1.51./(1 4+ 1.5) = 0.6 pA, and estimating the interband capacitance Cio given by the the
quantum capacitances (Cy, Cy) in series of the two bands: 1/Cio = 1/C; + 1/Cy. C; = e?v; with v; the density of
states of band i. For surface states, assuming a quadratic dispersion € = 2?; . k2, we obtain v; = L’”ﬂLy ’g—; where
m* is the effective mass and L, L, is the area of proximitized Dirac semimetal. For bulk states, assuming a linear
dispersion €, =~ hvgk, we have vy = inng (hiﬁ wvhere L, is the sample’s thickness. We have m* ~ 0.8m,. ° and
L,Ly~1 umz so that 11 ~ 3.2 x 10? meV~!. Considering that L, ~ 200 nm, hvy ~ 0.3 meV'um6’7, and ep ~ 200

meV, we find v5 ~ 2 x 10* meV~!. We then obtain Cﬁl = e% (m> ~ —— since v; < vy, and, finally, wy, ~ 10

ViV ey
GHz, remarkably close to the value for which experimentally the suppression of the even Shapiro steps is stronger.

IV. ADDITIONAL THEORETICAL RESULTS

In Fig. S2 we present additional numerical VI curves in the case where 109 = 0. Here, we see, as mentioned in the
main text, the missing steps are odd integer multiples of (hf/2e). The ac frequency range in Fig. S2a-d is chosen to
cover the approximate half-width of the Leggett mode resonance in the amplitude A, = Aol Lw/((w? —w?)? +T%w?),
illustrating the robustness of the missing steps over a bandwidth proportional to the inverse lifetime of the Leggett
mode.
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Figure S2. Shapiro steps at various ac frequencies for ® = 0 and using the same parameters as those used to generate other
calculations except that here the intrinsic phase between the two bands in a given junction is zero (rather than ).
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In Fig. S3, we present calculations of Shapiro step widths of the n** step corresponding to V' = n(hf/2e) in the
case where g = /2. Fig. S3a-b show the step width ac frequency dependence near the Leggett mode frequency and
for & = 0 and I,. /I. = 0.05, where a normalized A, is shown in black for reference. Clearly, deviations from the
conventional Shapiro step dependence follows the resonant Leggett amplitude. Fig. S3c show the power dependence
of steps for ® = 0 and f = f;,. We see the gap is suppressed at I,. =~ 0.25 I., which is much smaller than expected
in the conventional case. Furthermore, the step width dependence of odd steps exhibit resonant features appearing
consecutively with increasing power and disappering with the gap closure. Once the gap is closed, step widths exhibit
oscillations in power, similar to the conventional Bessel regime.

In Fig. S3d-¢, we show the step width ac frequency dependence near the Leggett mode frequency and for & = 1 /2
and I,./I. = 0.05, where a normalized A, is shown in black for reference. We observe a weakening of the gap near
the Leggett frequency, similar to the zero-flux case, but the gap actually becomes enhanced at the Leggett frequency.
In Fig. S3f, we present the power dependence of steps for ® = 1/2 and f = f;,. We find similar resonant behavior of
odd steps at low power, but the features are difficult to distinguish between oscillations at higher powers associated
with the typical Bessel oscillations.
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Figure S3. a-b Step width dependence on ac frequency for & = 0 and I, = 0.05I.. The bold black line represents the
Lorenzian corresponding to the Leggett mode linewidth. ¢ Step width dependence on ac power for ® = 0 and f = fr. d-e
Step widths dependence on ac frequency for ® = ®¢/2 and I, = 0.051.. f Step width dependence on ac power for & = ®/2
and f = fL.

We can increase bandwidth to include 7 GHz assuming f; ~ 9 GHz by decreasing the lifetime of the Leggett mode
in our simulations (i.e. increasing I';, by a factor of 10). The results are shown in Fig. S4. The bandwidth where odd
steps are enhanced and even steps are suppressed has increased, but even steps are not completely suppressed. In
reality, thermal fluctuations may wash out such weak even steps.

V. EFFECT OF THERMAL FLUCTUATIONS

At low temperatures hysteresis effects can give rise to trivial missing steps®. To show that thermal fluctuations are
responsible for the smearing of the Shapiro steps we have considered a model in which their effect is included via a
fluctuating noise current in the RSJ model®:

Fesin(6) + 5 %0 = Ty + Lop(T, 1) (s21)
(W) =0, (p(t)p(t')) = 2’?; 5t — 1. (522)

Using parameters similar to the ones for our device we have obtained results like the ones shown in Fig. (S5): the left
panel shows results for the case T' = 0, and the right panel the results for the case when T~ 750 mK. We can see that



'=0.5 (>0.25)

0.25
0.20

0.15

W (lc)

0.10

0.05

0.00

0 1 2 3 4 5
V (hf/2e)

Figure S4. Shapiro step width W as a function of microwave frequency f and V near the Leggett frequency with I' = 0.5.

thermal effects smear the Shapiro steps and the resistance of Shapiro steps tends to increase with voltage. Notice that
even though thermal fluctuations suppress the steps, and therefore the dips of the dV/dI curve, even at the relative
large temperature of 750 mK, they do not convert a dip into a maximum. For this reason thermal fluctuations are
extremely unlikely to be the cause of the peaks that we observe for V' = 2(hf/2e) in the experimental dV/dI profiles.
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Figure S5. Illustrate thermal fluctuation effects on Shapiro steps.



VI. DEVICE CHARACTERIZATION

Fig. S6a shows an SEM image of the SQUID device used in the experiment. The scale bar is 5 ym. For each
Josephson junction in the SQUID, the width is 600 nm, and the gap 150 nm. The size of the middle open square
is about 800nm x 800nm. For IV and differential resistance measurements, the ac/dc current runs from contact 1 to
contact 3. The dc/ac voltage is measured between contacts 2 and 4. In Fig. S6b, we present the I-V curve measured
at B = 0T. The critical current is ~ 1.1 pA. In Fig. S6¢, we show I-V curves as a function of out-of-plane magnetic
fields, at a higher temperature of T = 0.39K (compared to Fig. 4a in the main text). In this plot, red color represents
positive Vdc, blue negative Vdc. In the green color regime, Vdc = 0. A typical feature, i.e., the envelop of the SQUID
oscillatory pattern being modulated by the Fraunhofer diffraction pattern of the single Josephson junction, is clearly
seen.
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Figure S6. a An SEM image of the SQUID device used in the experiment. b The I-V curve measured at B = 0T. ¢ The I-V
curves as a function of out-of-plane magnetic fields, at a higher temperature of T = 0.39K.

1.0f
0.5}
|
’&‘ I
3 oo0f :
- ]
I
-0.5} :
I I
I I
| |
-1.0f T T
| | | | | | | | |
-20 -10 0 10 20
B (mT)

Figure S7. Measured critical currents for positive and negative current biases where dashed lines correspond to the dashed
lines in Fig. 4c.



VII. ADDITIONAL EXPERIMENTAL RESULTS

In Fig. S8 we present additional measurements of dV/dI and VI curves at zero magnetic field. In Fig. S8a, we show
the differential resistance at 2 GHz for various microwave powers. We see that steps 0, £1, + 2 are clearly observed
before dissipative effects wash out higher steps. The measured VI curves are shown in Fig. S8b, where the steps are
not easily resolved with the naked eye (hence, the need for dV/dI measurements). Fig. S8c shows VI curves at 9 GHz,
showing a large first steps, the clear suppression of the second step, and a weak third step.
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Figure S8. a The differential resistance at 2 GHz for a few microwave power levels. At this low frequency, both even and odd
Shapiro steps are seen. b The corresponding I-V curves at 2 GHz. ¢ The I-V curves at 9GHz. The even Shapiro steps are
suppressed, as shown in the differential resistance in Fig. 4 of the main text.
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Figure S9. Magnetic field response data from Fig. 4 (c) where a smaller range of dV/dI and a more dynamic colorbar are used
to illustrate the discontinuous jump between 1 and 3/2 steps.
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