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Superfluid weight of strongly inhomogeneous superconductors
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In this work, we obtain the superfluid weight of strongly inhomogeneous superconductors. We find that, in
general, the response of the superconductor’s pairing potential to the perturbing vector potential is essential
to obtain the correct value of the superfluid weight. We consider two exemplary cases: the case when strong
inhomogeneities in the pairing potential are induced by a periodic potential, and the case when superconducting
vortices are induced by an external magnetic field. For both cases we show that the correction to the superfluid
weight due to the response of the paring potential to the perturbing vector potential can be significant, it must be
included to obtain quantitatively correct results, and that for the case when vortices are present the expression
of the superfluid weight that does not include such correction returns qualitatively wrong results. The results are
directly relevant for superconducting states in moiré multilayer where the almost inevitable spatial variations
of the magic angle and the proximity of superconductivity to anisotropic phases induce inhomogeneities in the
pairing potential, and to the efforts to optimally pin superconducting vortices to achieve large superconducting

critical currents.

DOI: 10.1103/9gc8-q16z

The Meissner effect is the hallmark signature of supercon-
ductivity. It is described by the London equation J,, = D'})A,
where J,, is the u component of the charge current, A, is
the v component of a static, transverse, long-wavelength vec-
tor potential, and Dﬁfg is the superfluid weight tensor. Dl(fg
can be seen as the key quantity that characterizes a super-
conductor [1,2]. In two dimensions (2D) D) is also the
quantity that fixes the critical temperature, Tgkr, at which
the Berezinskii-Kosterlitz-Thouless (BKT) [3.,4] transition,
between superconducting and normal phase, takes place. For
an isotropic superconductor with an isolated parabolic band
crossing the Fermi energy in the normal phase, at zero temper-
ature, we have the conventional result Tr[ijg] /d = e*n/m*,
where d is the number of dimensions, e is the elementary
charge, n is the electron density, and m* is the effective
mass. The realization of superconducting states in magic-
angle twisted bilayer graphene [5-15], for which the bands
are extremely flat so that m* — 00, has made clear the limita-
tions of the conventional result. In recent years, more general
expressions for Dl(fl), accounting for the effect of quantum
geometry in multiband superconductors have been obtained
[16-32]. These formulations show how, in flat-band systems
like twisted bilayer graphene, the contribution to fog arising
from the quantum geometry can be dominant [33-38]. The
strong interest in fog is also evidenced by the recent experi-
ments that have been realized to measure it directly [39—43].

In many cases of interest, the pairing potential A cannot
be assumed to be spatially uniform. This is the case, for in-
stance, when disorder is present [22,44-48]. It is the situation
typically encountered in moiré multilayers due to the almost
unavoidable presence of spatial variations of the twist angle
[49] and the evidence that the superconducting state might
be nematic [50]. Strong inhomogeneities have been observed
to also significantly affect the superfluid state of iron-based
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superconductors, as demonstrated in scanning tunneling mi-
croscopy experiments on FeTeSe [51], and are a feature of
charge-density-wave materials like Pd-intercalated ErTes in
which anomalous superfluid density has been measured [52].
In addition, the correct, and quantitative, theory for the in-
terplay of superfluidity and inhomogeneities is essential for
the description of superconductors with vortices. We find the
surprising result that in the presence of an unpinned vortex
lattice the superfluid weight is zero. Our approach, based on
linear response theory, provides a clear explanation for such
a striking result, a result that before our work could not be
understood, and could only be gleaned from a careful analysis
of Monte Carlo simulations [53,54].

The presence of spatial inhomogeneities mixes the sys-
tem’s response to the longitudinal and transverse components
of an external vector potential, a fact that makes the calcula-
tion of Dﬁfg more challenging [55]. The reason is that, whereas
the BCS mean-field treatment, within the linear response
approximation, returns the correct response of a supercon-
ducting system to a transverse vector field [1,2,56], it is known
to return an incorrect, gauge-dependent, response to a longi-
tudinal vector field [56]. This issue was addressed by several
papers [57-66] that pointed out that for the general case,
gauge invariance is restored by taking into account the vertex
corrections for A, the so called collective-mode contributions,
i.e., by including the response of A to the vector field A. Later
works considered the role of such contributions for specific
cases [26,67-74]. In Ref. [20], an expression for Dl(fg was
obtained that showed the importance of such contributions to
restore the independence with respect to the position of the
orbitals of the long-wavelength, zero frequency electromag-
netic response of a superconductor. In this work, we present a
theoretical treatment for the calculation of fog that overcomes
the limitations of previous works. The treatment presented is
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very general, as it does not require uniform pairing; isolated
band limit; spin rotational symmetry; or time-reversal sym-
metry, and it is valid also for the challenging case when the
phase of A varies rapidly in space. This generality allows
the use of our treatment to calculate the superfluid weight
of two very important classes of superconductors: topologi-
cal superconductors and superconductors with vortices. The
formalism is valid for any multiband superconductor and
includes quantum-geometric contributions. To verify the ac-
curacy of our expression, we compare its predictions to the
results obtained by calculating, via a numerical self-consistent
approach, the free energy, F, as a function of the perturbing
field A and then D) as the second derivative of F with respect
to A: DV = (1/V)d*F/dA,dA,, where V is the system’s
volume. We do this for two important exemplary cases: the
case when strong inhomogeneities in A are induced by a
periodic superlattice potential applied to a 2D superconductor,
and the case when superconducting vortices are induced by
an external magnetic field perpendicular to a 2D supercon-
ductor. In both cases we find that the results obtained by
numerically calculating the second derivative with respect
to A of the free energy are the same as the ones obtained
using the derived expression, but can be significantly different
from the ones obtained using the expressions for Dﬁ?) available
in the literature that do not take into account the presence of
inhomogeneities. For the case when vortices are present, the
expression of Dl(jﬂ that does not include the response of A to
A returns a qualitatively wrong result—it erroneously predicts
a finite value of D{;) even for an infinite 2D array of unpinned
vortices, in contrast to the expression that we present, that
correctly returns D" = 0O for this situation [53,54,75].

We describe the superconducting state using a Bogoliubov-
de Gennes (BdG) effective mean field Hamiltonian Hpac-
Given that the goal of this work is to obtain the correct
response of inhomogeneous superconductors to an external
vector field, and not the identification of the many-body
ground state, the use of the BAG approach is very pragmatic:
it allows the modeling of any superconducting state taking as
inputs from experiments the values of the parameters entering
the model. For concreteness, we consider a superconductor
with s-wave pairing originating from an on-site attractive in-
teraction of strength U > 0. For such a system,

ﬁBdG ZtJ j+ﬁ“(r Cjo Z 5 = V)CJU
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where the subscript Jj is shorthand for the position vector
rj, o =1, | is the spin index, { is the hopping amplitude
at position r; along the bond ﬂf, cT” (cj o) is the creation
(annihilation) operator for an electron at position r; with spin
o, i is the chemical potential, V; is an applied potential, and
A is the pairing potential at position r; obtained from the
self-consistent equation A; = U({c; c;4+), where the angle
brackets denote equilibrium expectation values at temperature
T. In general, the lattice can have a basis and sor; = R; +b,,,
where {R;} are the position vectors that identify the lattice
and b,, are the vectors for the positions of the basis elements

within the primitive cell. B f are bond vectors that connect sites
within, and between, primitive cells, making the expression of
Hgqc, Eq. (1), very general. In the remainder, the primitive cell
is chosen so that A(r;) = A(r; +R;), and therefore, when
A is inhomogeneous, can be much larger than the crystal’s
primitive cell.

D) relates the strength of the charge current J to a
static, transverse, vector field A with zero parallel momen-
tum ¢, and perpendicular momentum q; — 0 [1]: (ju> =
DS&AU(q” =0,q, — 0,w = 0), where (J,) is the expecta-
tion value of the pu component of the current, and @ the
frequency of the field A. D®) can therefore be obtained by

jzay

calculating the linear response of J to a transverse vector
field A. For a tight-binding model, the presence of the field A
can effectively be taken into account by introducing a Peierls
phase for the hopping parameters: ¢ — t'eAPi Tn addition,
it can induce a change in the pairing field that, as we will
show, cannot be neglected for inhomogeneous superconduc-
tors. Taking this into account, as was done in Ref. [20], using
Ju = —8Hpac/5A,,, we find
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To first order in A, we have
Jo =0+ TEAY + T2 + THAY, 3)

where Jff b, TK A" are the paramagnetic and diamagnetic cur-
rents, respectlvely, arising from the kinetic energy part of
the BAG Hamiltonian, and f,f P flﬁ)A" the paramagnetic and
diamagnetic currents due to the change of A; induced by
A. TAAY does not contribute to (J,) and to D§)—see the
Supplemental Material (SM) [76]—and so we can neglect it.
f,f P is given by the second line of Eq. (2) by evaluating the
variational derivatives at A = 0. J, MA also does not contribute
to (J ), but it does contribute to D(S) As we show below, its
contribution to D,(j‘), is critical when A is not homogeneous.

To obtain the current response to a vector field with van-
ishing momentum q, it is convenient to express the current in
momentum space. By performing the Fourier transform with
respect to R;, we can write

1 i ikR;
= = D Cno (k)P @)
¢k

CR;+b,,.0

where ¢, (k) [cj;w (k)] is the creation (annihilation) operator
for an electron in the state |kmo) with momentum k, orbital
m, and spin o. The operator c(k),,, is defined apart from
an overall phase factor. In writing Eq. (4) we have chosen
this overall phase factor to be e*P», given that this choice
allows us to write the full paramagnetic current operator, in
momentum space, in the limit ¢ — 0, in the compact form
Thg—0)= Z Yot 0Nt (k)Y (k) +C. - (5)
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where N, is the number of unit cells, w,;(k)z (ij
k), cj;w(k)), C is a constant, and

OH, A
ok |k ﬁ|o‘3mm/
Imm’:u(k) = %| s oH* (6)
84, loOmm’ T ok, -k

with {H,,,  (k)} the matrix elements, in the basis {|kmo)},
of the normal state Hamiltonian, H, and 8A,,/8A,|, =
8 A /54, (q = 0)la—o-

By setting the off- diagonal terms in I, (k) equal to O
we obtain the matrix IX (k) that, when inserted in Eq. (5),

mm'’ ;/,
returns the expression of Ju in the limit ¢ — 0, w = 0. For
the operator TIfJA”, we obtain
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The superfluid weight is given by the sum of the
paramagnetic current response Hﬂv(q — 0, w =0) and the
expectation value of the operator Tlﬁ:

DY) =Tl,(q — 0,0 =0)+ (7). ®)
We have
i .
mmm=ﬁfcwuwnw@ww.@)
c JO

Notice that by replacing in Eq. (9) 7 (—q, 0) with JX"(=q, 0)
we recover the expression of IT that neglects the effect on A
of A. In the limit q — 0, = 0, we find

— np(Ep(k))
— Ey(k)

L np(Eatl)

In,, 0,0) =
w(@ = 0.0)= &~ E,(k)

k,ab

X (pa (R (R) | (K)) (R |1, (K| pa (K)),
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where nf is the Fermi-Dirac function, and {E,}, {|¢.(k))} are
the eigenvalues and eigenvectors, respectively, of Hgzg. A
key aspect of the expression for IT given by Eq. (10) is that
the matrix /,(k), Eq. (6), in Nambu space, has nonzero off
diagonal elements §A,,/8A,, .

To obtain the expression of §A,,/8A,|, we need to cal-
culate the response of A to an external vector potential A.
We note that one can treat A as a parameter in the mean
field calculation and use the finite difference approximation
to determine 8A,,/8A,|, (see the SM [76]). This approach
requires knowledge of the self-consistent solution for A at
finite A as well as A = 0. The linear response expression of
8A,,/8A,y requires only the solution at A = 0, and is given
by

SA, i o0 N N
~ dl([Am(q,t),J,’Z(—q, 0On. Adn
LY.

where Am(q) =U Zk ¢my(—k)cy (k4 q). Notice that
Eq. (11) is equivalent to the inclusion of the anomalous
components of the vertex corrections [56,77], the relevant
components for the mean-field treatment considered (see

also the discussion on vertex corrections in the SM [76]).
The vertex corrections guarantee that the expectation value
of the full current operator satisfies the Ward identities,
and therefore charge conservation, even when A is not
homogeneous leading to mixing of responses to transverse
and longitudinal vector fields.

Equation (11) leads to a linear equation for §A,,/8A,, |, of
the form

sAR\ (P Kk —-k®
K NI C(,) K = KO x® | (12)

where SA® and § A" are the real and imaginary parts of the
vector with components {§A,,/84, 1o}, C{¥ and C{) are the
real and imaginary parts of the vector with components

1 nr(E (k) — np(Epk))
(CM‘_X: Ea(k) — Ey(k)

x (¢l ()| 7|y o)) Ry ()| a(K)) — (13)

and KLR/I) = A®R/D £ BR/D  with  A®RD - BR/ID  the
real /imaginary parts of matrices with elements
ﬂ_ZW@WPW@W)
A E,(k) — Ey(k)
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In Eqgs. (13)—(15), |¢2(k)) is the component of |¢,(k)) on
orbital m and the 7’s are Pauli matrices in particle-hole space.
Naively, §A,,/8A, |y can be obtained by inverting Eq. (12).
However, the square matrix K is singular, it has rank one less
than its dimension. This reflects the fact that the vector A,,,
and therefore 6A,,/6A, |y, is defined apart from an overall
phase « (see the SM [76]). §A,,/8A ]y, apart from the overall
phase «, can be obtained by calculating the pseudoinverse of
K via a singular value decomposition (see the SM [76]).
Equations (8), (10), and (12)—(15) allow the calculation of
the full superfluid weight. We can write D§;) = D\ + 8D5,
where DY is the value of D'}) obtained neglectmg the cor-
rection due to the response of A to A, and
} (16)

D) =2Re |:Z(C Yo —2 )
is the correction due to the changes in the pairing potential
induced by A. We note that our result may be obtained us-
ing vertex corrections [56,60], which we also discuss in the
SM [76]. The correction 8D') given by Eq. (16) is gauge
invariant (see the SM [76]). To check that the inclusion of
the correction 8ijg returns the accurate quantitative value of
Dﬁz, we compare the results obtained by combining Eqgs. (8),
(10), and (12)—(15), and the ones obtained using the rela-
tion D$;) = (1/V)d*F/dA,dA, . The full derivative of F with
respect to A indicates that also the dependence of F on

A*
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FIG. 1. (a) (1 /2)Tr(fo3) as a function of V, without (red points) and with (blue points) the correction from the response of A for a 2D
superconductor with ten 12 x 12 unit cells in both the x and y directions (N, = 100),# = 1, u = —3.5, and U = 3.4. The yellow crosses show
the values obtained by using the second derivative of the free energy. Inset: color plot showing the spatial profile of |A ;| for V;, = 0.5. The
dashed red box represents one unit cell. (b) Calculated profile of |A ;| for the case of a superconductor with a vortex lattice induced a magnetic
field B, = ®/144a> (&y = h/e) in the absence of any pinning potential. The gray arrows show the motion of the vortices in response to a
constant vector field along the x direction. (c) Schematics showing how the motion of unpinned vortices induces a phase twist, —¢, that cancels
the applied one, ¢ = A, L, induced by the vector potential (L, is the size of the system along the x direction). (d) (1/2)Tr(D) as a function of

L

Vo without (red points) and with (blue points) the correction from the response of A for a 2D superconductor with a vortex lattice as shown in
panel (b). As in (a) the yellow crosses show the values obtained by calculating the second derivative of the free energy.

A through A is included. The derivatives d*F/dA,dA, are
calculated numerically for the ground state that is obtained
solving self-consistently the gap equation.

Figure 1(a) shows the calculated values of (1/2)Tr(D))
for a 2D superconductor on a square lattice with lattice con-
stant @ = 1 in the presence of the periodic potential

Vo 2 2
V() = —?[cos <ﬁxf) + cos (ﬁyj)} (17)

with period M. In Eq. (17), r; = (x;,y;). The potential has
the effect of modulating the density of electrons, as well as
the amplitude of the order parameter A, thus rendering the
superconductor inhomogeneous; see the inset of Fig. 1(a).
For Vj = 0 the superconductor is homogenous, in this case
(Cu)j =0 (see the SM [76]) making §A,,/8A,]p =0 and
therefore D'§) = D;?). The results show that, indeed, for Vo =
0 ijg, shown by the blue circles, coincides with D;fe), shown
by the red circles, and with the value obtained by calculating
sz/dAudAv, yellow crosses. However, for Vo #0, A; is
inhomogeneous and so the correction 8Dy, is non-negligible,

making D) # D), as shown in Fig. 1(a). We see that for

Vo # 0 only the value of Df) obtained by taking into account
the corrections due to A, /8A,, |y agrees with the value of D)
obtained by calculating d°F /dA, dA,.

The corrections to D) due to §A,,/8A,y, ie., J2P, be-
come qualitatively very important when vortices are present.
A lattice of unpinned vortices was found to have vanishing
superfluid weight [53,54]. This can be understood consider-
ing that for a vortex lattice in the (x, y) plane induced by a
background magnetic field B, in the direction perpendicular to
the plane, for a spatially, perturbing, constant, in-plane, vector
potential A, say along the x direction, the vortices respond
by shifting their position along the y direction, as shown in
the inset of Fig. 1(b), by an amount Ay = %%. Because this
translation costs no free energy, given that it Acorresponds to
the ¢ — 0 Goldstone mode associated to the translational
syrr)lmetry spontaneously broken by the vortex lattice, we have
D) =0.

To study the superfluid weight in the presence of vortices,
and a pinning periodic potential with period M of the form
given by Eq. (17), we consider the case of a 2D supercon-
ductor on a square lattice in the presence of a perpendicular
background magnetic field B, [78] (see the SM for details
[76]). In Fig. 1(b) we show the results for DL‘S) , D) obtained
taking into account the correction 8D, and D{;) obtained by
taking the second derivative of F' with respect to A. The results
show that for Vi = 0, even though an unpinned vortex lattice
is present, D)) is finite and quite large (red circles in the
figure), of the same order as for the case of a superconducting
state with no vortices [see Fig. 1(a)]. This contrasts with the
expectation that superfluid weight should vanish. The inclu-
sion of the correction 8D(}) leads to D) = 0 (blue circles),
the correct value in the presence of an unpinned vortex lattice,
the same value that we find by calculating Dgfg as the sec-
ond derivative of F' with respect to A (yellow crosses). This
is one of the key results of the present work: it shows that
in the presence of vortices, the correction to ijg due to the
response of A; to A is essential to obtain the qualitatively
correct value of the superfluid weight. As Vj increases, and
the vortices start getting pinned, ijg also increases from zero
and starts getting closer to the value of fo]?). Notice, however,
that even for V; = 0.5¢, the value of ij;” is still about 60%
larger than the value given by the full expression of Dl(fl),, value
that coincides with the one obtained by calculating the second
derivative of F' with respect to A.

In summary, we have presented a theoretical approach that,
by efficiently taking into account the response of the super-
conducting order parameter to the external vector potential
A, allows the calculation of the superfluid weight D) for
strongly inhomogeneous superconductors. Our approach, and
results, are directly relevant to the case in which vortices are
present in the pairing potential. When the superconducting
vortex lattice is not pinned, we find that the response of the
superconducting order parameter to A is essential to obtain
the expected result of zero superfluid weight. These results
advance the understanding of vortex-superfluid interplay, for
example in systems like cuprates and kagome superconduc-
tors [79-81], motivating further studies to optimize critical
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currents for applications. For two-dimensional systems, the
results presented show the importance of the response of
the superconducting order parameter to the external vector
potential when calculating the critical temperature Tggr for
the Berezinskii-Kosterlitz-Thouless phase transition of an in-
homogeneous superconductor, given the connection between
fol)) and TBKT-
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Hamiltonian

Let us suppose our system is defined on a lattice with sites {r;}, where the site/orbital labels are j, and with
bonds described by a set of vectors {,Bf} that start at site j, are labelled at each j by the label ¢, and where
Arg(,@f) € (=n/2,7/2] in 2D. The latter condition is so that we consider “forward hopping” only. We take care
of backward hopping, at the same time as ensuring Hermiticity, by adding the Hermitian conjugate of the forward
hopping terms to the Hamiltonian. If two orbitals reside in the same location, one can unambiguously define 6§ via
point-splitting. We include an on-site superconducting pairing, originating from an on-site attractive interaction of
magnitude U > 0. The mean field Hamiltonian is

2 4 * |A|2
Hyp == (tjcjwf,acjav + H'C'> =2 (=) €] oCio ) (Aic},TC§,¢ +Ajejict — ?j) (1)

Ji,o J,0 J

where the subscript j is shorthand for the position vector r;, the complex hopping amplitude along bond ﬂf is t§-7
the chemical potential is p, V; is an applied potential, and, at zero temperature, A; = U{c; ¢ +) with the angle
bracket denoting equlibrium expectation values at temperature T'. These are the self-consistency equations.

Suppose that the system possesses a translational invariance by vectors a1, as (specializing for 2D here). We may
then define unit cells whose locations we specify by R; = mai + nas with m,n € Z. The position of any orbital
can then be given by



where b, specifies the location of the orbital within the unit cell. The bonds and the hopping amplitudes then
possess this translational invariance:

ﬁf+R = 5§ (3)
th g =t (4)

where the subscript j 4+ R is shorthand for r; + R;. We will also suppose that the solution to the self-consistency
equations possesses this same periodicity:

Ajyr=4; (5)

We thus perform the Fourier transformation

where m is shorthand for 7;. Using the basis of Nambu spinors

c1,1(k)

: cTN,T'u«:)
C1,¢(*k’)

C?\/@("")

with N the number of sites/orbitals per unit cell, the Hamiltonian (1) can then be cast in Bogoliubov-de Gennes
(BdG) form:

2
N : 1A
Hr = ; Ol (k) Hpac (k) ¥ (k) + ; Te[H (k)] + - (8)
where
_ (H(k) -A
is the BAG Hamiltonian, H (k) is the normal state Hamiltonian, and
Ay 0 0 -+ 0
0 Ay 0 --- O
A=|0 0 Az - 0 (10)

0 0 0 -+ Ay
Current Operator

In this Supplementary Materials, A will refer to a probe electromagnetic potential. The orbital effect of any
background magnetic field is accommodated in the model by the complex hopping amplitudes t?. To determine the
current, we must specify how the system couples to an external vector potential A(r,t). We suppose the hopping
part of the Hamiltonian couples via a Peierls substitution

tﬁ — exp (i(bﬁ») tﬁ (11)

where

'r'j+,6§
¢f = / A(r,t)-dr (12)

J



Notice that this change in the hopping amplitudes leads to a change in the groundstate |G) which in general leads
to a change in A;. We will compute this change in later sections. We choose the path of integration to be the
straight line connecting r; to r; + ,Bf given by the vector ,85.

The system only couples to the average value of A(r,t) along the bonds. This is because

T +8;
/+ A(r,t)-dr = Al(t) - B} (13)

where A%(t) denotes the average value of A(r,t) along bond 3%. The current along bond S5 (the current in lattice
models is defined on the bonds) is given by

o S 1 5]A2
¢ OHmF _ 0 0 it t it 1414,
Jj = 54! —2(5 tie" I c; g o CJ”+HC)+Z< AL 6 (SAI’Cw U AL (14)

o

SAF 1 5|A2
‘ £ g} T ) ¢
,6 Z (Zt g’ Cj,g + HC) ﬁ Z < ¢Z 711\ ] ~L + 5¢Z Ci \LC'LT U 6(]5@ ) (15)

— UK TLA
= JIK 1 Jf (16)

The first sum in (15) is denoted J fK and is the contribution of the current coming from the kinetic energy. The

second sum, which is the contribution of the current from the pairing potential, is denoted ij. The distinction
between these two contributions, which we may call kinetic current and pairing current, respectively, will play an
important role in this SM. We see explicitly that the current is directed along the bonds. We have also taken the
chemical potential to be fixed.

We make a few additional comments on (15):

1. In general, 6A;/ 5(;3?, # 0 for j # j'. For example, when varying ¢>§, we should at the very least expect the
pairing potential A; to respond at the starting and ending sites of the bond ﬁf.

2. The self-consistency equations imply that the average pairing current vanishes <.f fA> = 0. Thus the average

current is given by the average kinetic current
24 Y/ AR =0
<Jj> = B; Z (ztje’¢1 <c§+6§,gcj,g> + c.c.) = <JjK> (17)
ag

However, the pairing current does contribute to current correlations in the system, as we shall see.

If we are only interested in the responses of the system to vector potentials which vary slowly in space compared
to the length of the bonds, we may replace Ag — A(r;,t), up to negligible error of O(\,Bﬂ/)\), where A is the
characteristic length scale of variations in A(r,t). We can then meaningfully define the current at the lattice sites
by

7 SHwir by 40 iA(r;,t)-B° t
Jﬂ(rj) = —m :[Z (Z(IBJ)H tje’ (rjst) ch-‘rﬁf,ocj’g + HC)

e

N ( Ay 4 08; o 13lAy |2) (18)
§A(ry) T T AL () YT T U 6 AL(ry)

= JK(r;) + J5 (r))

If the system is perturbed by a vector potential of the form A,(r,t) = A,(q,t)e 2" then the corresponding
coupling is

(ﬂjf)Am e = =3 A(@,t) D Julrs e T = = 3 D Au(a, ), 1) (19)



Paramagnetic Current 4

where p is a spatial index (¢ = z,vy,...). Thus

7 . iA(r; t)-B¢ —iq-r;
Ju(q) = Z (z(,@f)ﬂ tfe Alrt) ﬁﬂc;+ﬁg ,Cio T H.c.) R

by !

SN OA%, 1 0]A;|? , 20
+ — e L e —j) et (20)
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7,3"
_ 7 TA
= JX(q@) + J2(q)

Paramagnetic Current

It is useful to decompose the current into paramagnetic and diamagnetic components

Ju(q) = J2(@) + T (@) Au(q) (21)

where there is an implied sum over v. Both jfj(q) and Tw(q) admit further decomposition into kinetic and pairing
contributions, as in the previous section. The kinetic component of the paramagnetic current is

JuP(q) = Z (i(ﬁf)u tgc;rﬂrﬁf,acjﬂ —i(B))u tﬁ*cl,acjﬂiﬁo) e T (22)
jo
Z’ —ik- 14 % .3t
A Z Z(ﬂfn)u [tf;le k ﬁijn+B£na(k)cma(k +q) — the' B TO Bt (K)ey, g 5 (k+ Q)] (23)
m,l,o k

where we have used (6).
The pairing contribution to the paramagnetic current is

. 50 . 5A, . 1 6|A, )2
JLA’p(‘J) - J e—iari | b ot 3 e | ¢ ejg — Bl b i N
l ; j OAu(r;) A=0 e XJ: 0Au(rs) A=0 e j Uodu(r;) A=0
=D CiraCiy T s r~| GGt T
7 6Au(‘]) A0 6AM(Q) A0 U 5Au(q) A—0

(24)

where the derivatives with respect to A are evaluated at A = 0. Hereafter, all derivatives with respect to A will
be evaluated at A = 0; thus, we omit the evaluation symbol on the derivatives from now on. We have used that
the variation 0Aj;, with respect to a vector potential of the form 6A4,(r,t) = 6A,(q,t)e” 4" is

5

0N = ——L_§A,(q,t)e i 25
J = 6Au(rj) #( ) ( )
so that
JANY —iqr JANY
— ¢ 1q-rj e 26
5A,(r)) 0A,(q) (26)

J

Recall that we have assumed that A; at A = 0 is periodic with the same periodicity as the hopping amplitudes tf,
i.e. we can still define a unit cell by the vectors aj,as (in 2D) in the presence of pairing. More generally we take
A; to be periodic, and take its period to be commensurate with that of the hopping amplitudes. This situation
requires a modification of a1, az, but otherwise no generality is lost. Thus A; is only a function of the intra-unit
cell label. In other words,

Aj=A, (27)

L 5N . - . .
From this, it follows that Tj(q) can be written as a periodic function times a plane wave:
"

—iq-T;
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YARY 0N _ioR.
— e 1q-R 28
SA(a) ~ 3A,a) >
Thus the pairing contribution to the current, after using (6), is
YA |A |2
JAP(q) { c(k)el, (—k—q)+ cmi(—Ek)ema(k+q } 29

J

The paramagnetic current is then

—ik-B¢ N 8¢
S S Bl [t e (R (e + @) — thr e B 0Pl () o (K + q)]
¢ ml,o k

1 0Am_ i A, } 1 5]A,2
+ — ——c (k)c (—k—q)+ T m (—k)em 1 (k+ — — 30
N mEk LSAM(Q) it (B)ep, | ( q) 54 (a) L(=k)emr(k +q) % U 54, (q) (30)

It is convenient to write the kinetic part of the current operator in the following way (what follows is merely a
matter of convenient notation)

jfp Z Z Jmmsin (K, q)c ma(k)cm’a(k +q)
k,oc mm’
N Z Z |: mm/ ,,u(k q) mT(k)cm’T(k + q) Jm’m;,u(fk —q, Q)CT&L(*k)CIn’i(*k - q) + c-numbers

k. mm/

(31)

where m and m' are site/orbital labels. The matrix elements Jy,n..(k,q) can be read off from (30). Now,
Hermiticity of the current operator implies Jp/m;u(—k — @,9) = Jpmm;u(—k, —q)*. Thus the total paramagnetic
current can be written in the basis

Cmt (K) )
m k)=
¥m(®) (Ciw(_k)
as
k q) 0A 5
Jr mm/ 7lt( SA.(q) «(q) mm/
T N Z Z P < I (—k, —q) Y (K + @) + c-numbers
k mm/ 5A,‘(q) mm/;u ) (32)
Z Wl (k) Ly 1By @)m (K + @) + c-numbers
k mm/’
where
Jmm/ﬁl‘(k’ q) 51§4A )6mm
Imm’; (k7q) = SA* « (@ (33)
8 <6A ty Om Jmm /,1,( k, Q)
It is convenient to do the same for the kinetic current only:
JKJ) Z Z wT L ,u,( )Mn(k + g) + c-numbers (34)
C k mm/
where
Jmmiu (K, q) 0
K . (ks
R G R By (3)
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Diamagnetic Current

The diamagnetic current should also be computed in order to calculate the linear response to an electromagnetic
field. The diamagnetic current is obtained by carrying out the expansion in A to linear order in (20) and going over
to momentum space. The result for the prefactor of A,(q) coming from the kinetic current in such an expansion is

T (q) = _Ni S ST BB, [the * Pl gt o (R)emo (K +q) + 1o A DBt ()ep i pe (K + q)]
ml,o k
(36)
There is also a pairing contribution Tﬁ,(q) However, since (jHA (g)) = 0, this term does not contribute to the
response of the current, and thus is irrelevant for our calculation of the superfluid weight.

Superfluid Weight

The superfluid weight may be computed by calculating the response of the current <le> = <j f ) to a static vector
potential (w = 0) in the long wavelength limit (g — 0) [1, 2]

5(Ju(q = 0,w =0)) = 6(J5 (g = 0,w =0)) = D) A, (g = 0,0 =0) (37)
where
D) = (1@ =0,0=0)) + lim I, (q.0 = 0) (38)

We will see that the pairing potential modifies the paramagnetic current-current correlation function II,,, (g, w).

Paramagnetic Current-Current Correlation Function

We will compute the paramagnetic current-current correlation function while taking into account the dependence
of the pairing potential on A4, (q). We compute the following response function in imaginary time 7:

L

H;u/(q77—) = N
c

(T Jf"(a,7)02(=q.0)) (39)

The time-ordering symbol in imaginary time is 7,. Note that the first factor in the expectation value above is the
kinetic current operator Jf P since we are computing the response of <Jf ), whereas the second factor is the full

current jﬁ = jj( P4 JAMA’I’7 since the vector potential couples to the full current.
The response function may be represented in the Matsubara frequency domain, using (32), as

) 1 ) ) .
HHV(q’ an) = W Z Z Tr l:gm’l'(ka an’) ' Illfl;u(kv q) : glm(k + q, ikn + an) . Imm’;y(k +q, _q) (40)
C mm/ 1l k,ik,,

The centered dots indicate matrix multiplication in particle/hole space and G can be expressed in the basis

ot = (15) “

as
B ,
oo () = = [ (Tt 1) (k. 0)) b (42)
0
which is a 2 X 2 matrix-valued Green’s function; a and (3 label the orbital/site within the unit cell. w, = 2wn/3

is a bosonic frequency and k,» = (2n’ 4+ 1)7/ is a fermionic frequency. It is convenient to express G in terms of
eigenstates |¢,(k)) with particle and hole components at site/orbital m

oz = (1) (43)

Va
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7
and energies E, (k) of the BAG Hamiltonian as
|9’ w (k)|
man ( — 0 44
g ; ’Ll{i ’— k) ( )
Inserting this into (40) and doing the sum over k,’, we obtain, in the static limit w, =0
nr (Eq(k)) — nr (Ey(k + q)) K
(g, iw, = 0) AIITNGE k 45
plavivn = 0) = 1 30 3 M G S G () onlk + ) (15)

X<¢b(k + q)|Iu(k +q, _q)|¢a(k)>

Where we have introduced the shorthand notation (¢, (k)| M |¢a(K')) = >, (08 (K)| Mym: |00 (E')) We then take
the limit ¢ — 0, where I,,.,(k,q — 0) may be expressed as

OH,

A, ) ,
ok, |k 5Q, Vmm
Imm’;u(ka O) = SA* OH?, (46)
50" Omm! — 5 |

where H is the normal state Hamiltonian. We have called A, (g = 0) =
main text. We have

Q.. Note that ‘m’" = ‘fﬁ"‘ from the

M (a0, = 0) = - 57 3 A EBD =R BB g ) 11, 0] 0)) (000 1, . 0] 4 )
k ab Ea

Note that the limit g — 0 implies that 2 (Eak)—nr(Ey(k)

B (k) =By (k) should be understood as %”EF whenever Fy(k) = E,(k).

(47)

Calculating the Response of A

In order to complete the calculation, we need to compute ‘;%—m. This can be done in a number of ways including
W
finite difference as mentioned in the main text (also see below), differentiating the gap equations directly, solving

the Bethe-Salpeter equation for the vertex correction, or using linear response. Here, we use linear response. The
operator A,, can be written in Nambu form by writing

=UY cmi(—k)emi(k+q) = UZZ% vk +q) (48)
k w
where M}, = 010 m7— and 7_ = %(Tx

ity) where 7, and 7, are the Pauli x and y matrices in particle/hole space
The centered dots indicate matrix multiplication in particle/hole space. We compute the response function

L

:722<’T¢)Tk7’

(49)
m (k4 @)U 0) Ty (K, —q) - (K — 4,0))
kk’ pll'p’

We have assumed that (A,,(q)) = 0 for ¢ # 0 and <ij(q = 0)>

= 0 (i.e. the total current vanishes in the
groundstate). The above may be expressed in Matsubara frequency space as

0A,, m . .
SA (q ’iUJ Z Z Tr |:gp/l’ /) . Ml’l ' glp(k + qﬂkn/ + an) 'Ipp’;u(k +4q,— ):l
HAH n) pp’ll’klk ,
(50)
~ BN Z > T [gpm yiknt) - T— - G (K + g, ik +iwn)-Ipp/;#(k:+q,—q)}
pp’ k,ik,,,
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We follow the steps leading to (47), and we find

S0 = 2 e R 9 M08 ) .0 8)
Z—%ZZ”F( e LD ) 6 () (0 0, 0) B
¢k ab

This is an equation in % 6Q since this quantity also appears in the right hand side as

L(k,0) = I} (k,0) +Z< Ly VL mMm)

0Qu 0Qu

where

ai| 0
Ok, |-

Plugging this in to the right hand side gives

oA b Z > = o o () n L (041

M"”ZZ”F = Ez(ggb(k))<¢>Z”(k)lf—|¢£”(k)><¢2’(k)|T+|¢Z”'(k)>
) -
=

nF k)
ﬁz oy y el

where 74 = 3(7, + i7,). This may be written in the following form

(O (k)| |y (k) (o} ()| 7|0t (Ke))

(C)m = Z <Amm,5(%’;“ + Bmm/(ii;:'>
where
A = = 3 3 P O O 67 ()68 097167 09) ~ o
B =~y 3 5 e O (B ) 6 (o )
(Com = 3 3 S iy O I () L (4 0)

The vector C,, corresponds to the first term on the right hand side of (55).

(51)

(52)

(55)

(56)

The equation (56) is singular. This follows from gauge invariance. Consider a small rotation of the phase of A;

Aj — eiO‘AJ— ~ (1 + iOZ)Aj

where a@ < 1. We may think of this as perturbing the Hamiltonian (1) with

:_’O‘Z< iy = B CNCJT)

(58)

(59)

We then compute the response of the pairing potential A; to this static perturbation. On the one hand, the answer

is clear, it is

0A,, = ial,

(60)



Correction to the Superfluid Weight 9

On the other hand, the response dA,, follows from the static linear response formula, which may be written as

e 3 et . 09 M B 8] 0™ B 107 0 )

a(k) — Ey(k)
(61)
=U Z ( mm! + ) (@) =U Y B (iaA,)
Combining (60) and (61), we have
Z (-Amm’Am’ - Bmm’AZL') =0 (62)

m/’

(This may be viewed as a Ward identity obeyed by the pairing susceptibility.) Thus, for any solution SSE of (56),
I
we may construct another solution
0A; SA:" SA:
— —t L +ial; (63)
0Q,  0Qu  9Q,
since according to (62), the additional term is “projected out.” The response (60) corresponds to the Goldstone
mode, as is clear from (58). The matrix pseudoinverse is convenient for finding a representative solution of a singular
equation such as (56).

Correction to the Superfluid Weight

Once ‘}g is determined, we may compute the correction to the superfluid weight. It is expedient to write

T n (Falk)) = ni (Ey(k)
(Do) = (Tl = 0.0 = 00) + 5 5050 e G ORI O () ) )]0 ()

= (00),, + 3 X 5 = S o )0 0] (T + ™ ) 6]

p | Np b o £ Eq(k) — Ey(k) 0Qy 6Q
YANS
— (0) m
(D7), +2Be | 2 (Cns
(64)
where
(ng) <TK(q =0,w= 0)> + H(O)(q — 0,iw, =0) (65)
g

is the usual formula for the superfluid weight and

1(q - 0., = 0) = ZZ”F e 6, (1 (6,000 () () (0] ) (66)

Therefore the correction to the superfluid weight due to the response of the pairing potential is

OAY
(0Ds),, =2 Re Z(C') 50, (67)
- S e a0 63)
ab m
x (‘Zgj (R0l ) + S 0 (e () ) (69)

where we have used the expression for C), is given in (57). Eq. (68) is the response of the current due to the change
in the pairing potential induced by a “twist” Q.
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Ezample: Uniform Superconductor

We show that (5D5>u
Hamiltonian is

vanishes for a uniform s-wave system. It is sufficient to show that C), vanishes. The

v

H=D kchyono =AY cigel — A7) eokion (70)
ko k k

where V' is the volume of the system. Let us take A to be real. The Green’s function is then

tkn 4+ &3 + ATy

(ikn)? — E3
where Ei = £ + A?. It is convenient to express C, as
Cp = ——1im S (D) Trlr - Glk + q, k) - Gk, k)]
nw— ﬁvq% : nSk r|7T— q, Ry y URp
1 A (72)

T ;(anfk)ﬁ (0 (Ek) — nlp(—Ek))
=0
where 0, = 0/0k,. The last equality follows from the fact that ny(—Ex) = nzm(Ek). Thus the correction (68)

vanishes, and a spatially non-uniform system is required for the correction to be non-zero.

Relation to Vertex Corrections

We briefly sketch how our result may be obtained using current vertex corrections in the Nambu basis. In a
superconductor, the photon vertex function I'* describes the coupling of the system to the electromagnetic vector
potential A,. This can be related to the bare vertex v (e.g., determined through minimal or Peierls substitution),
and the correction arising from interactions encoded in the self-energy >::

w02
It —~ A (73)

In terms of Green’s functions, the electromagnetic kernel is expressed as:
0 (q) = =T | [ 98 (54 0. G T (5 b + )00k + )] (74)

where G (k) is the full Green’s function in the Nambu basis. The self-energy ¥ may depend on A,,, either directly,
or indirectly through the order parameter. Indeed, in BCS/BdG theory, the self-energy in the Nambu basis is given
by

S(k) = (ATO(k) A(()k)) (75)

Thus the correction to the electromagnetic kernel is patently given by a term proportional to JA/6A,. One may
solve for this correction using the Bethe-Salpeter equation, and it can be shown that this formulation respects gauge
invariance via the generalized Ward identity [3].

Gauge Invariance

Physical observables, in particular the correction to the superfluid weight arising from the fluctuations in A, must
be invariant under global U(1) gauge transformations. This implies that the overall phase of the {A,,(Q)} can
vary in an arbitrary way as a function of the probe field Q. To clarify the point at issue, let us suppose that there
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exists a choice of the overall phase such that {A,,(Q)} are smooth functions of @ in the neighborhood of @ = 0.
We may thus approximate
6Am ~ A7rz(5Qé1) - Am(o) (76)
0Q; 0Q
for 0Q) sufficiently small. This approximation for determining ‘ZATW may be most convenient when one has nu-
merical solutions of {A,,(Q)} for various Q. However, numerical solutions of {A,,(Q)} are not guaranteed to
possess a smoothly varying phase as a function of @. This is especially salient in systems with vortices, where
the singular nature of the phase around vortex cores means that, in general, the phase does not vary smoothly.
Let us suppose that the numerical solution {A! (Q)} differs from the smooth solution {A,,(Q)} by a phase:

Al (0Qé;) = A (6Qé;)e0R%) and A! (0) = A,,,(0). Then, using the approximation Eq. (76), we would find
5AL,  AL(3QE) — AL (0) _ An(3QE)e 0% — A, (0)

~ = 7
5 3Q 5 ()
ci0(6Qe:) _ 1) SA
| ] AL0)+ 78
( 5Q V5 ()
Again, since smoothness is not guaranteed, e??(®@€) — 1 need not be small. Therefore, in order that the result

for 0D, be gauge invariant, it should return the same result whether %AQ;? or % is substituted into the formula.

Equivalently, it should “project out” terms of the form z;A,,(0) where z; = % is a (large) complex number.

We note that this is more restrictive than standard discussions of gauge invariance, since we allow arbitrarily
rapid phase variations in the order parameter. This is essential for computing 0A,,/dQ; via finite difference
approximation. In contrast, solutions to Eq. (56) are defined modulo a constant corresponding to an imaginary
z; (see Eq. (63)). This corresponds to the collective mode which is projected out, according to the generalized
Ward identity (see previous section), thus ensuring gauge invariance. However, when using the finite difference
approximation, both real and imaginary components of z; must be projected out, as we have argued in the previous
paragraph. We will argue that Eq. (67) is gauge-invariant in this latter sense. As we have mentioned below Eq. (67),
0D, is determined by the response of the current due to the change in the pairing potential. In other words, it is
determined by the crossed susceptibility xja. Using this identification of the correction to the superfluid stiffness
with the current-pairing susceptibility, we may see why it is gauge invariant according to the discussion above,
provided scaling the pairing potential by a complex number produces no total current response in equilibrium.
Consider an inhomogeneous superconductor described by a position-dependent pairing potential A(r). The current
density J(r) in such a system is given by

J(r) o< Im (A*(r)(V + 20A)A(r)) (79)
where A(r) = |A(7)|e?(") is the complex pairing potential. In equilibrium, the total current is zero:
Ji = [ 3ryar =0, (50)

We now scale the pairing potential by a complex number z = |z|e’®. The scaled pairing potential is
A(r) = 2A(r) = | Alr) = |2]|A(r) [0+, (1)

To determine the effect of this scaling on the current density, we compute the new current density J'(r) for the
scaled pairing potential:

J'(r) oc Im ((A'(7))*(V + 20A) A (7)) . (82)
Therefore, the new current density is
J'(r) oc I (2P A" (1) (V 4 2iA)A(r)) = |2 Im (A" (r)(V + 2i4)A(r)) = |2 T (). (83)
Since Jiot = 0, it follows that

Jior = 12[*Tior = 0. (84)
Thus, the change in the total current (the induced current response) due to scaling the pairing potential is
5Jtot = 0 (85)
3An,

We have verified numerically that Eq. (67) projects out o = 2;Ap,, and that it gives the same result under

arbitrary variations in the phase 6(q), in the ground state for all cases studied in this work, thus achieving gauge
invariance.
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V,=0 V,=0.05 V,=0.1
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FIG. 1. The energy as a function of @), for the system corresponding to Fig. 2 of the main text. The cyan points in that
figure are computed by taking a numerical second derivative at the minimum of the energy using Q) points very close to that
value (not shown here). Without a periodic potential (Vo = 0), the system forms a vortex lattice that freely moves as @
is varied. Thus, the energy does not depend on @, as seen in the left panel, and the superfluid weight vanishes. When a
periodic potential is applied, the vortices become somewhat obstructed (pinned), resulting in the reemergence of superfluid
weight (center and right panels).

B=0 B= /1440’
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FIG. 2. Top row: the spatially averaged value of |A| as a function of the strength of the applied potential without (left) and
with (right) an applied magnetic field. Areas with high potential V(r) tend to reduce |A|, while areas with low potential
tend to enhance it, resulting in |A| roughly maintaining its average as Vp increases. Bottom Row: The correction to the
superfluid weight due to the response of A, expressed as a percentage of D§°), the uncorrected superfluid weight, without
(left) and with (right) an applied magnetic field. Under an applied magnetic field, a vortex lattice forms, and if the vortices
are unpinned (Vo = 0), the correction completely eliminates the superfluid weight, which is incorrectly given as non-zero
according to Dgo). This is seen from the —100% correction shown in the bottom right panel at V, = 0.
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Inversion of Equation (12)

As stated in the main text the square matrix K that appears in Eq. (12) in the main text is singular, it has rank
one less than its dimension, n, reflecting the fact that the superconducting order parameter is defined apart from
an overall phase factor. To obtain 6A,,/ 5Au|0 we need to calculate the pseudoinverse, K, of K. To do this we first
perform a single-value-decomposition (SVD) of K:

K =UAVT (86)

where U and V are n X n unitary matrices and A is a n x n diagonal matrix of the form

M O e e 0
0 X O --- 0

A=]: 0 X 0 0 . (87)
00 0 0 X\=0
Let

,\1—1 0 .- e 0
0 XAt 0 -+ 0

=

I

- O
>
@
-

... O
o
—~
0.]

0.¢]
~—

then, the pseudoinverse of K is given by
K =VAU' (89)
and

A,
0Au o

=KC,+(1 - KK)W (90)

where C), is the column vector with elements {(C),),, }, and W is the vector containing the free parameters. In our
case, only the last element of the diagonal matrix (1 — K K) is nonzero leaving just one free parameter, corresponding
to the overall gauge phase factor.

Superconductor with vortex lattice

We consider a superconductor with a 2D vortex lattice in the (z,y) plane induced by a background perpendicular
magnetic field B,. The presence of this field is taken into account within the tight model Hamiltonian (1) via the
introduction of a Peierls phase. This has the effect of altering the translation group of the underlying square lattice
to that of the magnetic translation group [4]. A magnetic unit cell must be chosen such that an integer number of
magnetic flux quanta ®q = h/e due to B, thread the 2D systems. We chose the magnetic unit cells to be Ma x Ma
with one flux quantum threading it.
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