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In this article we review recent work on van der Waals (vdW) systems in which at least one of the components
has strong spin-orbit coupling. We focus on a selection of vdW heterostructures to exemplify the type of
interesting electronic properties that can arise in these systems. We first present a general effective model to
describe the low energy electronic degrees of freedom in these systems. We apply the model to study the
case of (vdW) systems formed by a graphene sheet and a topological insulator. We discuss the electronic
transport properties of such systems and show how they exhibit much stronger spin-dependent transport effects
than isolated topological insulators. We then consider vdW systems in which the layer with strong spin-orbit
coupling is a monolayer transition metal dichalcogenide (TMD) and briefly discuss graphene-TMD systems. In
the second part of the article we discuss the case in which the vdW system includes a superconducting layer in
addition to the layer with strong spin-orbit coupling. We show in detail how these systems can be designed to
realize odd-frequency superconducting pair correlations. Finally, we discuss twisted graphene-NbSe, bilayer
systems as an example in which the strength of the proximity-induced superconducting pairing in the normal
layer, and its Ising character, can be tuned via the relative twist angle between the two layers forming the

heterostructure.

I. INTRODUCTION

Van der Waals (vdW) heterostructures [1-4] represent
a growing class of systems which are formed from two-
dimensional (2D) layers of material held to one another by
only van der Waals forces. One of the most common vdW het-
erostructures, graphite, is composed entirely of layered sheets
of graphene [5-7], a one-atom thick 2D crystal of carbon
atoms arranged in a honeycomb structure. The nature of the
vdW force implies that in a vdW system the stacking configu-
ration of the layers is not dictated by chemistry but, to a great
extent, can be tuned arbitrarily in an almost continuous way.
The explosion of interest in vdW systems stems from the fact
that this is now experimentally feasible. Experimentalists are
able to isolate layers of different materials only one-atom, or
few-atoms, thick, and to combine such layers with increasing
control of the stacking configuration. A striking example of
this tunability is the recent experimental realization of vdW
systems formed by two graphene layers in which the stack-
ing angle, twist angle, can be adjusted to within a fraction of
a degree [8—10]. These experiments [8—10] have shown that,
by tuning the relative twist angle between graphene layers,
the system can become superconducting or insulating. These
remarkable results are just one example of the ways in which
vdW heterostructures can be used to realize electronic systems
with exotic and desirable properties.

Of particular interest are the recent developments involv-
ing vdW systems comprised of two layers in which one of
the layers has a strong spin-orbit coupling (SOC). The main
interest in these systems arises from the possibility of realiz-
ing novel electronic systems by combining such a layer with a
different layer which possesses little or no SOC but with other
interesting properties. For example, graphene possesses only
very weak SOC but has very high electron mobility at room
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temperature. By combining graphene with the 2D surface of
a three-dimensional (3D) topological insulator (TT) [11-13],
the SOC in the graphene layer can be enhanced by an order of
magnitude [14; 15]. Additionally, as we discuss in Sec. V A,
vdW heterostructures with SOC appear to be ideal systems
for realizing unconventional odd-frequency superconducting
states [16]. In contrast to conventional superconducting states,
the defining feature of odd-frequency superconductors is that
they host Cooper pairs which are odd functions in the relative
time, making these states intrinsically-dynamical.

The literature on vdW systems is by now very large, for this
reason we restrict ourselves to a particular subset of vdW sys-
tems that are among the most relevant to the subject of this
special issue and that the authors have studied over the past
few years. We first present, in Sec. II, the model to describe
vdW systems with SOC. To exemplify the application of this
general formalism, in Sec. III, we discuss the case of vdW
heterostructures formed by graphene and a TIL. In Sec. IV,
we discuss recent progress on vdW systems which include
both graphene and a layer of transition metal dichalcogenide
(TMD). We then consider, in Sec. V, the case in which one
of the layers is a superconductor, discussing the possibility of
realizing different exotic superconducting states in vdW sys-
tems with SOC. In Sec. VI we present our conclusion and
outlook for future developments.

While the focus of this article is primarily on vdW systems
composed of graphene, topological insulators, and TMDs, we
note that much progress has also been made studying vdW
systems with other components. Notably, we do not discuss
the recently discovered 2D magnetic materials[17-19], which
include: FePS3[20], CraGeTeg[21], Crls[22; 23], VSes[24],
MnSe,[25], and Fe3GeTes[26; 27]. Similarly, we do not
cover the magnetic proximity effect[28] which has been dis-
cussed in a variety of vdW heterostructures[29; 30]. We also
omit discussion of the intriguing heterostructures which can
be made using monolayers with buckled honeycomb structure
—silicene[31], germanene[32; 33], and stanene[34]-systems
involving nanoribbons [35], and structures formed by differ-
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ent layers of TMDs [36] and twisted TMD homobilayers [37—
40].

II. MODEL

The Hamiltonian describing a generic double-layer vdW
system can be written as H = H; + Hs + H;, where
H, ¢ = 1,2) is the Hamiltonian associated with layer ¢
and H; describes tunneling processes between the two lay-
ers. Here, we write 1 = >, ./ cfmh(k)l;aa/cka/, Hy, =
D ke dLah(k)Q;aa’dka’a where cIm and dIm (cke and diq)
create (annihilate) single electron states in layers 1 and 2, re-
spectively, with momentum k and all other degrees of freedom
described by the composite index «, including spin, orbital,
and particle-hole degrees of freedom. We assume that the tun-
neling between the two layers depends only on the difference
between the positions, ri, rs, of the electrons in the two lay-
ers. As a consequence, the crystal momentum is conserved
during tunneling processes and we have

Hy = Z Z Ztalaz(kl +G1)eiG2'TS2_iG1'TSI (1)
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where Gy is the reciprocal lattice vector in layer ¢ and we have
allowed for the possibility that the lattices making-up each of
the two layers may possess basis vectors T,. For example, for
the case of graphene we have two basis vectors T, which we
can write as 7, = {(0,0); (ag,0)}, where ay is the carbon-
carbon distance.

In a bilayer vdW system, two very different kinds of stack-
ing are possible: commensurate stacking, and incommensu-
rate stacking. In the first case, the vdW bilayer has a peri-
odic structure in real space with a large primitive cell that is
commensurate with the primitive cells of both layers. In the
incommensurate case, no such periodicity exists in real space.
For the communsurate case we obtain a well defined Moiré
pattern.

Given two layers (/ = 1,2) with primitive lattice vectors
ay (1 = 1,2), in order for a stacking to be commensurate
there must exist four integers mi, mo, n1, no such that:

miai; + meaiz = niagy + Nedjo. )

Without loss of generality, using complex numbers to rep-
resent 2D vectors, we can write a;; = ajge '
a10€+i91, as] = agoe_i(HQ_g), agy = a20€+i(92+9), where
ag is the lattice constant of layer ¢, 26, is the angle between
the primitive lattice vectors of layer ¢, and 6 is the twist angle
between the two layers. Using this notation, considering that
the magnitudes of the two vectors on the left and right hand
side of Eq. (2) have to be same we obtain the following Dio-
phantine equation constraining the integers my, mo, n1, no:

, Al =

Notice that Eq. (3) does not depend on 6. For a commensurate
stacking the twist angle and the integers mi, ms,n1, Ny are
related via the equation

a1o(mie” 0 4 moetfh)
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The number of commensurate stackings forms a set of mea-
sure zero in the whole space of possible stackings. However,
the experimental evidence suggests [41-45] that 2D vdW
crystals tend to relax into stacking configurations that are, at
least locally, commensurate.

The size of the primitive cell increases very rapidly as the
twist angle 6 decreases for § < 5°. For this reason, to
treat vdW systems with small twist angles, it is more effi-
cient to use an effective model in momentum space [46—48]
in which only the dominant interlayer tunneling processes are
kept. For small twist angles an accurate description is ob-
tained by keeping only those tunneling processes for which
k1 — ko| = |Gy — Go| is smallest. For the practically im-
portant case in which the 2D crystals are triangular lattices
and the low energy states (i.e. the states closest to the Fermi
energy) are located at the corners (K and K’ points) of the
hexagonal Brillouin zone (BZ), as for graphene, the minimum
value of |G, — Go| is equal to 2K sin(6/2), where K = |K]|,
and there are three vectors q; = G1 — G2 (i = 1,2, 3) for
which |q;| = ¢ = 2K sin(8/2). If we account for all tunnel-
ing processes with |k; —ks| = ¢ we find that the higher-order
tunneling processes generate a honeycomb structure in mo-
mentum space with nearest neighbor points connected by the
vectors q; [48].

The relative contributions of higher-order recursive tunnel-
ing processes is controlled by the parameter v = t/(e(q)),
where ¢ is the interlayer tunneling strength between states in
the two layers with momenta that differ by at most ¢, and
€(q¢) = minfe1(q), e2(q)], where €y(q) is the energy of elec-
trons with momentum of magnitude q in layer /. The value of
7, therefore, controls the size of this momentum space lattice
that one needs to consider to obtain an accurate band structure
for the vdW system. For v < 1 the size of the required lattice
in momentum space can be quite small. For very small -y it
is sufficient to keep just the first “ring” of interlayer hopping
processes. In this case the effective Hamiltonian matrix takes
the simple form:

(k) t £
f{k _ tAl ho (q1 + k) R 0 0 ’
t 0 ha(@z+k) 0
t3 0 0 ha(q3 + k)
&)
(6)

where #; are matrices containing the interlayer tunneling ele-
ments.

The model described above can be generalized to the case
when one (or more) of the layers forming the vdW system is
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a
(ﬁ) (mi +m3 + 2mima cos 201) = ni+nj+2n1ns cos 20 superconducting. For concreteness, let us consider the case
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when the vdW system is formed by only two layers and only



one is superconducting; it is fairly straightforward to general-
ize the formalism to more complex situations, such as when
both layers are superconducting. We assume layer 2 is a super-
conductor so that Ho — Hgc, and that this superconducting
layer is a 2D crystal with triangular lattice for which the low
energy states are located close to the corners of the BZ, the
K and K points. We also assume simple s-wave pairing so
that the superconducting order parameter A g couples states
at opposite valleys with opposite spin and momentum k, mea-
sured from K (K’). The Hamiltonian for the vdW system is

H =,V oo HES (k) Uies0, with Ul o, = (0], 07)),
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and, to lowest order in +:
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where h15 is the Hamiltonian given by Eq. (5) and A is the
matrix with indices describing the internal structure of the su-
perconducting pairs in layer 2. For the case in which layer 1
has spin and sublattice degrees of freedom « and in layer 2,
at low energies, we can assume that the only internal degree
of freedom is the spin, A is a 10 x 10 block diagonal matrix
given by [49]:

A = diag (0,62, 162, i62) ©)

where the first block is a 4 x 4 matrix of zeros and 65 isa 2 x 2
Pauli matrix in spin space. As we will discuss in Sec. VB,
the form for A given by Eq. (9) is applicable to the case of a
vdW structure composed of a superconducting TMD mono-
layer coupled to a graphenic layer, such SLG or BLG.

III. GRAPHENE-TI HETEROSTRUCTURES

In this section we follow the theoretical treatment given in
Ref. [14] to examine the electronic properties of graphene-
TI vdW heterostructures [50; 51]. The original motivation
for studying the properties of a graphene layer coupled to the
2D surface of a 3DTI was the possibility of inducing strong
SOC or novel spin textures in the graphene layer predicted
by theoretical models[14; 52; 53]. Excitingly, this proximity-
induced SOC has recently been observed using a combination
of transport measurements and ab initio calculations[15]. Ad-
ditionally, we also note that the possibiity of inducing Dirac
states with very low Fermi velocity, in which interaction ef-
fects could be greatly enhanced[54], has also been discussed.

In graphene the carbon atoms are arranged in a 2D honey-
comb structure formed by two triangular sublattices, A and B,
with lattice constant a, = V3a = 2.46A, with « = 1.42A
the carbon-carbon atomic distance. The low energy states
of graphene are located at the K and K’ points of the BZ:
K = (47/(3a,),0), K' = (—47/(3a4),0) (and equiva-
lent points connected by reciprocal lattice wave vectors). At
low energies close to the K and K’ points in graphene, the

electrons are well described as massless Dirac fermions with
Hamiltonians

K E E § K
HY - cI{-’rk,TUhﬁ;TT/,(T(T/CK+k77—/UI7
k 77’ oo’ (10)
S0 K . R
h;i = (ﬁ’l)pk"T—,ugT())®O'07

and
K’ K’
H? = Z Z Z Ci(’-l—kﬁohlg;‘rﬂr',UJ/CK"'Fva’U/7
k 77’ oo’ (11)
~ ,K’ " R
hi™ = — (hpk - TF + pg7o) ® 60,
where c;g,ﬂ, (cp,7o) is the creation (annihilation) operator

for an electron, in the graphene sheet, with spin ¢ and two-
dimensional momentum Ap = h(ps,py), k is a wave vector
measured from K (K'), vp = 10% m/s is the Fermi velocity,
ftg is the chemical potential, and 7; and &, (¢ = 0, 1,2, 3)) are
the 2 x 2 Pauli matrices in sublattice and spin space, respec-
tively.

One class of materials for which the effect of spin-orbit cou-
pling on the low energy fermionic states is particularly strong
is the one of three dimensional (3D) topological insulators
(TIs) [11-13]. In these materials the combination of spin-orbit
coupling and time reversal symmetry guarantees the presence
of topologically protected 2D surface states within the band
gap of the bulk states. For this reason, 3D TI materials are in
many respects ideal materials for the creation of novel vdW
heterostructures in which the effect of SOC is significant.

The 2D states at the TI’s surface (TIS) are well described
as massless Dirac fermions with Hamiltonian [55; 56]:

HTIS — Z di’ahTIS ’dk70’7

k;oo

k,o0’ (12)

iLEIS = FL’UTI (0’ X k) -7 — /J,T[é‘o,

where dlfw (dk,») creates (annihilates) a surface massless
Dirac fermion with spin o at wave vector k = (k,, k,/, 0) mea-
sured from the zone center (I-point) of the surface-projected
(BZ), o = (61,069, 03) is the vector of Pauli matrices acting
on spin space, z is the unit vector along the z direction, and
wrr is the chemical potential.

For our purposes, a particularly interesting class of 3D TIs
is the one of the tetradymites, such as BisSes, BizTes, and
SboTes. These 3D TIs have the exceptional property that
the lattice constant of the 111 surface, ary, is such that:
aTI/(\/gag) =146 with § < 1% for SboTes and § ~ —3%
(6 = +3%) for BisSez (BizxTes) [14]. As a consequence, in
the limit 6 — 0, graphene and the TI surface can be stacked in
a commensurate arrangement as shown, in momentum space,
in Fig. 1 (a). For such a stacking arrangement the corners of
graphene’s BZ are precisely above the I points of the TI sur-
face BZ. For this stacking the primitive cell of the heterostruc-
ture corresponds to the primitive cell of the TI’s surface and
therefore the BZ of the resulting vdW system is equal to the
BZ of the TI’s surface. The K and K’ points of the graphene
BZ are folded back to the I point, as shown in Fig. 1 (b).



Figure 1. (a) Schematic of the first seven extended Brillouin zones
of graphene, shown in red, superimposed on the extended Brillouin
zones of a TI, shown in green, for the case of /3 x v/3 commensurate
stacking. (b) Depiction of the folded Brillouin zone for the same
stacking as in (a). (c) The real space picture associated with the V3 x
/3 graphene-TI commensurate stacking. Adapted with permission
from Phys. Rev. Lett. 112, 096802 (2014).

In the remainder of this section we limit our discussion
to the cases in which the TI is BisSes, BisTes, or ShoTes,
for which vr; = wv,/2, given that these materials allow the
formation of a graphene-TI vdW system with commensurate
stacking and therefore significant hybridization between the
graphene and TI surface states. Experimentally it turns out
to be difficult to pin the Fermi energy of BiySes, BisTes,
SbsoTes in the middle of the bulk gap so that only the surface
states play an active role. One way in which this problem has
been overcome is by considering the corresponding ternary
and quaternary compounds [57-63].

Different commensurate stacking configurations, corre-
sponding to Fig. 1, can be realized by rigid relative shifts of
the graphene and TI lattices. Ab-initio results [52] suggest
that the lowest energy stacking is the one for which the TI sur-
face atoms are located at the center of the hexagons forming
the graphene structure. However, the binding energy for the
structure in which the TI surface atoms are directly below the
carbon atoms of graphene (either the ones forming the A sub-
lattice, or the ones forming the B sublattice) is only marginally
higher [52]. Considering that, experimentally, vdW systems
are obtained via mechanical exfoliation that allows the real-
ization of, long-lived, metastable states, and the fact that when
the TD’s surface atoms are directly below the carbon atoms
of graphene a stronger hybridization of the graphene and TI
states is realized, it is interesting to consider this situation.

In the v/3 x +/3 commensurate stacking, in which each
atom on the TI surface is directly underneath a carbon atom,
the dominant interlayer tunneling term is the one between the
atoms on sublattice A (or B) and the TI atoms so that, in mo-
mentum space, the tunneling Hamiltonian can be written as
H, = Zk)\ma tTdLUcA,kJJ + h.c., where A\ = K, K’ and
t4 =t, tp = 0 are the tunneling matrix elements assumed to
be spin and momentum independent. The Hamiltonian matrix

for such a structure takes the form

[
P k e K ot ;= t 000 (13)
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where the graphene blocks are 4 X 4 matrices in sublattice
and spin space and the block describing the TI’s surface states
is a 2 X 2 matrix in spin space. We note that an analogous
Hamiltonian can also be constructed for the similar vdW het-
erostructure in which single layer graphene (SLG) is replaced
by bilayer graphene (BLG) to form a BLG-TI system[14].

The simple Hamiltonian in Eq. (13) allows us to understand
the qualitative features of the bands resulting from the hy-
bridization between the graphene states and the states of the TI
surface. Fig. 2 (a) shows the bands obtained by diagonalizing
Hy assuming 1y = pr = 0 and ¢ = 45 meV. From Fig. 2 (a),
we see that the 4-fold degeneracy of the graphene states (spin
and valley degrees of freedom) is partially lifted as two spin-
split Rashba bands appear (shown in red and blue). However,
we also see that two of the original graphene states at the K
and K’ points remain spin degenerate (shown in grey), due to
the fact that in the chosen configuration one sublattice does
not couple to the TI. Moreover, the TI surface bands (shown
in green) become quadratic at low energy as a consequence of
hybridization with the graphene states.

SLG-TIS

Figure 2. (a) Band structure for the V3 x /3 commensurate
graphene-TI structure described by Eq. (13), assuming pg = prr =
0 and ¢t = 45 meV. (b) The in-plane spin projection of the eigenstates
associated with the bands in (a), evaluated at the energy £ = 80meV.
Adapted with permission from Phys. Rev. Lett. 112, 096802 (2014).

We now discuss the case of stacking configurations that de-
viate from the v/3 x v/3 configurations discussed above either
because of a small twist angle 6 or because of a mismatch
of the graphene and TI lattice constants. Figs. 3 (a) and (b)
show how the orientations of the TI and graphene BZs are
affected by the presence of a twist angle and a lattice mis-
match, respectively. We see that, due to the conservation



of the crystal momentum, the states at the K (K') point of
graphene now tunnel to the TI surface states with momentum
q; (¢+ = 1,2,3). For the twisted case, the magnitude of this
vector is |q;| = ¢ = 2K sin(6/2), while for the case of a
lattice mismatch we have ¢ = |§/(1 + §)| K.

Figure 3. (a) Schematic of the first seven extended Brillouin zones
of graphene (red) superimposed on the extended Brillouin zones of a
TI (green) with a slight rotation away from precise v/3 x /3 com-
mensurate stacking. Also shown the vectors q, describing the dis-
placement of the corners of the first Brillouin zone of graphene from
the nearest I' points in the TI surface. (b) Similar schematic to (a)
for the case when the deviation from the v/3 X /3 commensurate
stacking is caused by a lattice mismatch. Also shown the vectors q;
describing the displacement of the corners of the first Brillouin zone
of graphene from the nearest I points in the TI surface for this case.
Adapted with permission from Phys. Rev. Lett. 112, 096802 (2014).

Assuming v << 1, we can use the simple Hamiltonian in
Eq. (5), with iy = h9K iy = TS and

o (t 00N ¢ teiE 0 0
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with ¢ = ¢/3. A similar Hamiltonian is valid for the K’-
valley [14]. By diagonalizing the resulting Hamiltonian we
obtain the low energy band structure. Figure 4 (a) shows the
bands along the path ABCDA shown in Fig. 3 (a) for the case
when v = 0.2. Assuming ¢ = 45 meV, this value of v corre-
sponds to a deviation from the v/3 x /3 stacking by a twist
angle # = 0.76°. Fig. 4 (b) shows the spin texture on the
Fermi surface with e = vprqg/2. Similar to the V3 x /3
commensurate case shown in Fig. 2, we see that the strong
SOC of the TT induces a strong spin polarization of the states
of the hybridized system even when the stacking configuration
deviates from the ideal v/3 x v/3 one.

A. Transport properties

The intrinsic SOC in graphene and bilayer graphene is neg-
ligible so that the spin degree of freedom does not affect sig-
nificantly the transport properties [7; 64—70]. In the presence
of SOC, charge and spin transport become coupled [71-73].
Therefore, in vdW systems with SOC we expect that, in gen-
eral, transport properties will be spin-dependent and that such
properties could differ considerably from isolated systems

E=0.5Eq
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Figure 4. (a) Band structure for a twisted graphene-TI system for the
case when v = 0.2, calculated by diagonalizing the Hamiltonian in
Eq. (5) along the ABCDA path indicated in Fig. 3. (b) The in-plane
spin projection of the eigenstates associated with the bands in (a),
evaluated at the energy 2 = 0.5Ey where Ej is indicated in (a).
Adapted with permission from Phys. Rev. Lett. 112, 096802 (2014).

with SOC. Exemplary in this respect are the vdW systems
formed by a layer with strong SOC, such as a TMD mono-
layer, and either graphene or bilayer graphene. In graphene-
TI vdW systems the combination of the high mobility of
graphene, the strong SOC of the TI, and the increased screen-
ing [74-78] of impurities due to the presence of the graphene
layer [79], can lead to very strong spin-dependent effects, such
as a giant Edelstein effect [80]. To illustrate the potential for
realizing spin-dependent transport effects in vdW systems in
which one layer has a strong SOC we discuss the case of a
graphene-TI-Ferromagnet vdW system [80], shown schemat-
ically in Fig. 5 (a).

Throughout this section, we assume that the ferromagnet
(FM) is insulating so that its presence does not significantly
alter the bands of the graphene-TI part of the vdW heterostruc-
ture. The main effect of the insulating FM layer is to induce
an exchange field for the electrons in the heterostructure. This
effect is captured by adding the term H., « M - o, where
M is the magnetization of the insulating FM, to the Hamilto-
nian discussed in Sec. III. The presence of this additional term
simply causes a spin-splitting that we denote by A.

. b) 08
M Ferromagnetic ®) 0.7}
= 0.6}
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Figure 5. (a) Sketch of a TI-graphene-FM vdW system. (b) (ro(er))
for A = 0, 0p = 0, Nimp = 102 cm™2, and d = 1 nm. The
dashed lines show the results for the limit £ = 0, the solid one the
ones for ¢ = 45 meV. Adapted with permission from Phys. Rev. B
96, 235419 (2017).

In a graphene-TI-FM vdW system the dominant source



of scattering, at low temperatures, is the presence of charge
impurities [81] close to the surface of the TI [82-86]. In
the absence of screening, the bare scattering potential due to
an isolated charge impurity, in momentum space, is v(q) =
2me?e~9%/(kq), where d is the average distance of the impu-
rities from the TUs surface, and k = (k11 + K0)/2 is the av-
erage dielectric constant with kp; ~ 100 [83; 87-89] the di-
electric constant for the TIS and k¢ = 1 the dielectric constant
of vacuum. Accounting for screening, the scattering potential
becomes v(q)/e(q) where €(q) is the dielectric function. For
temperatures much lower than the Fermi temperature we can
assume €(q) ~ 1+ v.(q)v(er), where v.(q) = 2me?/(kq)
and v(ep) is the density of states at the Fermi energy. Using
this form for the scattering potential we can calculate the life-
time 79, (k) of a quasiparticle in band a with momentum k, in
the first Born approximation, using

2
(k-4 tlak) 3 (€ je—ear )

v(q)
e(q)

h
=27 Nim
TOa (k) % P
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where nimp is the impurity density, |ak) is the Bloch state
with momentum k and band index a, and ¢, x is the energy
for a quasiparticle with momentum k in band a. For typical
TI’s samples we have Ny, ~ 10'2¢m~—2 [89]. It is useful to
define an average (1) of 7o over the bands at the Fermi energy
as (1o(er)) = D pa T0a(K)I(€F —€xa)/ D1y 0(€F —€xa). We
allow for an offset between the charge neutrality point of the
SLG (BLG) and the TI surface given by d .

Figure 5 (b) shows how (7((er)) compares for: an isolated
TI surface, a SLG-TI vdW system, and BLG-TI vdW sys-
tem. Solid lines denote the cases when the tunneling between
the SLG/BLG and the TI is finite, while dashed lines denote
the cases with zero interlayer coupling. We see that the pres-
ence of SLG or BLG significantly increases the quasiparti-
cle lifetime, even in the limit when the interlayer tunneling
between the TI and SLG (BLG) is zero. This is due to the
additional screening in the presence of SLG or BLG which
affects the disorder potential created by the charge impuri-
ties [79; 90]. We expect that such an increase in the quasipar-
ticle lifetime will lead to enhancements in some of the spin-
dependent transport phenomena. Similarly, by including the
[1—k-(k+q)] under the sum on the right hand side of Eq. (14)
we can obtain the transport time 7, (k), and then, after aver-
aging over the bands at the Fermi energy, the corresponding
average (7). Figure 6 (a) shows (7) as a function of e for
an isolated TI surface together with results for, both, TI-SLG,
and TI-BLG vdW systems. We see that the presence of SLG
or BLG increases the transport time, a consequence of the ad-
ditional screening due to the graphenic layer. Moreover, we
note that this enhancement is particularly significant for the
case of TI-BLG.

Using linear-response theory in the long-wavelength
regime, the d.c. longitudinal conductivity is given by

o'~ “—ReY ok, ()i, (WGLGE, . (15

where  is the area of the BZ, v, (k) = (ak]|v;|ak) is the

expectation value of the i-th component of the velocity op-
erator v. = h~10Hy /Ok, ¥%, (k) = (Ta/T0a)xV’, (k) is the
disorder-renormalized velocity (at the ladder approximation
level), and GL/* = (ep — €1q & ih/2704(k)) " is the re-
tarded/advanced Green’s function, for electrons with momen-
tum k and band index a. The increase of ¢ due to the presence
of SLG or BLG is also reflected in an increase of the d.c. con-
ductivity, as can be seen in Fig. 6 (b). We note that for finite
values of the spin-splitting, A, the results for 7, 7;, and o*
are very similar to the ones shown in Figs. 5 (b), 6 [80].
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Figure 6. (a) (ri(cr)) for A = 0, 6 = 0, and Nimp = 102
cm~2. The dashed lines show the results for the limit ¢ = 0, the
solid one the ones for t = 45 meV. (b) o¥¥(er ), for TI (dashed line),
TI-SLG (dotted line), and TI-BLG (solid line) for A = 0, du = 0,
Nimp = 102 cm™2, d = 1 nm, and ¢ = 45 meV, and Adapted with
permission from Phys. Rev. B 96, 235419 (2017).

Having established the basic charge transport properties we
now briefly discuss spin-dependent transport. A signature ef-
fect of the coupling between charge and spin transport that
can take place in systems with spin-orbit coupling is the in-
verse Edelstein effect [91; 92]. In this effect a charge current
causes a spin accumulation transverse to the direction of the
current. In the long wavelength, dc, limit, of the linear re-
sponse regime, such an effect is encoded by the spin-current
response function:

Sady oy i x ~1 A R
X ~ QWQRe;saa(k)vga(k)GkaGka ) (16)

where s, (k) = (ak|s;|ak) is the expectation value of the
i-th component of the spin density operator.

Figure 7 (a) displays a significant enhancement of the spin-
current response x**”/v in SLG-TI (BLG-TI) vdW system,
compared to an isolated TI’s surface. This enhancement is due
to the presence of the graphenic layer and occurs for, both, the
case of finite (solid lines) and zero A (dashed lines). As the
sketch in the inset shows, a current in the y-direction causes a
spin accumulation in the transverse direction z. An increase
of dp can significantly enhance the spin-current response, as
shown in Fig. 7 (b), whereas A has a small effect [80].

The fact that the Edelstein effect can be much stronger in
vdW systems like TI-SLG and TI-BLG effects than in isolated
TIs [93-98] is due to the fact that the bands for the vdW sys-
tem retain a strong SOC, even after the hybridization of the
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Figure 7. (a) x**”¥ as a function of ey for 6 = 0 and A = 20 meV
(A = 0), solid (dashed) lines. Inset: sketch showing the spin density
accumulation on the top and bottom surface of the TI induced by a
current in the y direction. (c¢) Enhancement of x**7¥ in a TI-BLG
system compared to TI alone as a function of e and dp for A = 0.
For both the panels nimp = 10'2 cm_2, d = 1 nm. Adapted with
permission from Phys. Rev. B 96, 235419 (2017).

states in the TI and the graphenic layer, and the fact that the
quasiparticle relaxation time can be greatly increased when
the dominant source of scattering is charge impurities, thanks
to the additional screening provided by the graphenic layer.
As mentioned above, the enhancement of the lifetime gained
from the additional screening makes it possible for vdW sys-
tems like TI-BLG to have quite stronger spin-charge coupled
transport than isolated systems like TIs even when the tunnel-
ing between the two layers of the vdW system is negligible. In
this section we focused on the case in which the interlayer tun-
neling is constant; however, it is interesting to note that spin
and charge transport are still coupled in such vdW systems
even in the limit when the interlayer tunneling is predomi-
nantly random, i.e. the diffusive limit [99].

IV. GRAPHENE-TMD HETEROSTRUCTURES

In recent years, much progress has been made on the char-
acterization of the electronic properties of graphene-TMD het-
erostructures, both theoretically and experimentally. A mono-
layer TMD can be either metallic, such as NbSes, or a direct
gap semiconductor such as MoS,, and WSe,. At low tem-
peratures NbSes becomes superconducting and so we defer
discussion of graphene-NbSey vdW systems to the following
section, see in particular Sec. V B. In this section we briefly
summarize the main results for graphene-TMD heterostruc-
tures in which the TMD is a semiconductor.

The structure of a TMD monolayer is shown schematically
in Fig. 8 (a) where the purple spheres represent the metallic
atoms, such as Mo in MoSs, and the green spheres the chalco-
gen atoms, S in MoSs. One of the main features of TMDs is
the presence of strong SOC, which, in monolayers, induces a
sizeable spin splitting of the hole bands [100-104] located at
the corners of the BZ, as shown in Fig. 8 (b). At low energies,
the bands of a TMD semiconductor monolayer such as MoSs,
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Figure 8. (a) Sketch of the typical lattice of a transition metal
dichalcogenide monolayer, with purple spheres representing the
metallic atoms and green spheres the chalcogen atoms. (b) Schematic
of the first Brillouin zone of MoS2 with the low energy bands at the
K and K’ points. Spin-polarization of the valence bands denoted
with arrows. Adapted with permission from Phys. Rev. Lett. 116,
257001 (2016).

are well described by the following Hamiltonian [105]:

hTMD —ary (Mkegiiy + kyia) + =i — pio

2
Ao ~ ~
Y (3 — ko) ® 03, 17

where a is the in-plane lattice constant, « the in-plane hopping
amplitude, A = +1 is the index denoting the valley (K or K'),
ks k, are the in-plane components of the electrons wave vec-
tor, measured from the corner of the BZ, &; are 2 Pauli matri-
ces in the orbital space [100], u is the band-gap, p the chemi-
cal potential and 2« is the spin-splitting of the valence bands
at the K (K’) point due to the presence of spin-orbit cou-
pling. In the case of MoS; these parameters are a = 3.193 A,
v~ 1.1eV,u~1.65¢eV,and 2a ~ 0.15eV [100].

Given that the semiconducting monolayer TMDs have a
fairly large gap, ~ 2 eV, and a large lattice mismatch with
graphene, one would expect that their effect on the graphene
band structure could be negligible. Indeed, it is the case that
the effects induced by proximity of the TMD to the SLG (or
BLG) are quantitatively small. However, the presence of these
effects can be qualitatively very significant due to the fact that
in pristine SLG and BLG the spin-splitting from intrinsic SOC
is very small, of the order of 10 eV [106]. This means that
even a small enhancement of the SOC induced by the proxim-
ity of a TMD monolayer can profoundly affect the electronic
properties of SLG and BLG.

Ab-initio calculations [107-109] show that semiconduct-
ing monolayer TMDs such as MoSs, MoSes, MoTey, WSo,
WSeqs, WTey can enhance SOC in graphene to induce spin-
splittings of the order of 1 meV, i.e. orders of magnitude larger
than the graphene’s intrinsic SOC. The enhancement increases
with the atomic number of the metal forming the TMD. For
the case of graphene-WSes vdW systems the SOC induced
by proximity in graphene is sufficient to create a band inver-
sion of the spin-split bands close to the original graphene’s
Dirac point. Such a band inversion would allow for graphene
ribbons to exhibit the quantum spin Hall effect [108]. The
enhancement of the SOC in graphene-TMD vdW systems has



been observed, indirectly, via weak antilocalization [110-116]
and spin-relaxation measurements [117—121]. It has also been
suggested that by tuning the twist angle between graphene and
the TMD the nature, from Zeeman-like to Rashba-like, and
strength of the induced SOC can be tuned [122]. Similarly to
the case of graphene-TI systems, also in graphene-TMD het-
erostructures spin and charge transport are coupled [123].

For the case of TMD-BLG vdW systems the resulting struc-
ture of the hybridized bands is richer and tunable via an exter-
nal electric field [109]. For WSes-BLG ab-initio results show
that the proximity of the TMD induces a gap in BLG of the or-
der of 10 meV and SOC splittings of about 2 meV [109]. Very
recent experiments [124] on symmetric WSes-BLG-WSe,
vdW systems have shown a strong enhancement of the SOC
in graphene and clear signatures of the SOC-driven band in-
version.

V.  SUPERCONDUCTOR-BASED VAN DER WAALS
SYSTEMS

Van der Waals heterostructures constructed with supercon-
ducting layers are extremely interesting because they allow
the realization of novel superconducting states. In particu-
lar, when one of the layers has strong SOC, such heterostruc-
tures can be engineered to realize topologically non-trivial
superconducting states [125-129] as well as states with odd-
frequency pairing [130; 131]. Given the scope of the special
issue, below we focus on the cases in which the vdW het-
erostructure can host odd-frequency superconducting pairing.

A. Odd-frequency pairing

In general, the order parameter describing a correlated elec-
tronic state is given by a many-body wavefunction, which
must be completely antisymmetric under the permutation of
all quantum numbers. This antisymmetry constrains the al-
lowed symmetries of the order parameter. In the limit of static
order parameters and a single relevant band degree of free-
dom, this constraint implies that even-parity order parameters
(s- or d-wave) must be odd in the spin index (spin-singlet)
while odd-parity order parameters (p- or f-wave) must be
even in spin (spin-triplet). The term odd-frequency pairing
refers to the possibility that the many-body state is odd in the
relative time coordinate, or, equivalently, in the relative fre-
quency. Therefore, odd-frequency states must possess spatial
and spin symmetries with the exact opposite correspondence
from the static case: i.e. even-parity states must be spin-
triplet and odd-parity must be spin-singlet. An odd-frequency
state was first proposed by Berezinskii [132] as a possible
superfluid state for He3. Later on, Berezinskii’s proposal
was extended to superconducting systems [133—138]. How-
ever, it has been pointed out that constraints on the electron-
phonon interactions inhibit odd-frequency pairing [139], and
that simple models of intrinsically odd-frequency supercon-
ducting states may be unstable [140-142].

While the status of intrinsic odd-frequency states is un-
certain, much progress has been made toward understanding
how odd-frequency superconducting correlations can be in-
duced using conventional superconductors in heterostructures.
One theoretically well-established example can be found in
superconductor-ferromagnet junctions which allow the con-
version of conventional s-wave spin-singlet Cooper pairs to
odd-frequency spin-triplet pairs, due to the breaking of spin-
rotational symmetry[130; 143—150]. Experimental signatures
of odd-frequency correlations have been observed in real
systems[151-157]. Another notable example is the interface
between a conventional superconductor and a normal metal, in
which odd-frequency pairing can emerge due to broken spa-
tial translation symmetry[158; 159]. In this case, the mag-
nitudes of the odd-frequency correlations dominate over the
even-frequency amplitudes at discrete energy levels coincid-
ing exactly with peaks in the local density of states[159], indi-
cating a relationship between these odd-frequency pair ampli-
tudes and McMillan-Rowell oscillations[160; 161] as well as
midgap Andreev resonances[162—-164]. Similar phenomena
have also been predicted to arise in layered two-dimensional
systems, like vdW heterostructures, in which one of the com-
ponents is superconducting[16; 165-172]. Given the growing
number of vdW systems available, the high level of tunability
of their properties, and the presence of a 2D surface accessible
for interrogation by experiments, vdW systems are ideal can-
didates for studying odd-frequency superconducting states.

A set of general criteria for the emergence of odd-frequency
pairing in 2D systems were given in Ref. [16]. To understand
how their results relate to layered vdW systems we will now
provide a sketch of their derivation.

To begin, we consider a vdW system formed by a 2D crystal
with Hamiltonian Hsp, and a superconductor with Hamilto-
nian Hgc. Without loss of generality we assume the super-
conductor to also be 2D. Let H; describe tunneling processes
between the 2D and the SC so that the Hamiltonian H for the
entire bilayer system can be written as H = Hop+ Hgc+ Hy,
with

H2D = Z CLU [ho(k)a’o + h(k) . 0']070/ Ck7a’ (18)

k,o,0’

Hse = Z dliahgg (k)dkg/ + Z leAga/(k)dT_ka, + h.c.

koo’ koo’
(19)
Hy=tY df oo +he. (20)
k,o

where 6; are the 2 x 2 Pauli matrices in spin space, c]to_

(dlt ,) and cx s (di) are the creation and annihilation op-
erators, respectively, acting on the fermionic states in the
2DEG (SC) layer with momentum k and spin o, hq (k) is the
spin-independent part of Hyp and h(k) is the field that de-
scribes its spin-dependent part due to an exchange field and/or
spin-orbit coupling. Here, h5¢, (k) describes the quasiparticle
spectrum of the normal state of the superconductor, A, (k)
is the superconducting order parameter which, in general, has
a linear combination of spin-singlet and spin-triplet terms, and



t is the tunneling between the 2D system and the SC, which is
assumed to conserve both spin and momentum.

To examine the superconducting pairing induced in the non-
superconducting 2DEG by proximity to the SC, we study the
anomalous Green’s function, or pair amplitude, within the
2DEG, F]?QJ, which is a 2 X 2 matrix in spin space and a
function of both the crystal momentum k and Matsubara fre-
quency w,. In the absence of interlayer tunneling ¢ no super-
conducting pairs exist in the 2DEG and therefore Fk%%n =0.
However, for ¢ # 0 we find that Cooper pairs can tunnel from
the SC into the 2DEG, giving rise to superconducting correla-
tions with novel symmetries which depend on the properties
of the 2DEG. To understand the symmetries of these induced
pairings it is sufficient to consider the leading-order terms in
perturbation with respect to the tunneling strength ¢:

N n R n T

Ksiwn,

where ﬁ’ksgjﬂ is the anomalous part of the Green’s function for

the SC, given by

SC SC 5 L
Fiwn = (885,00 + i i, - @) 102 (22)
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where s

(d, ., ) represents the spin-singlet (spin-triplet)

pair amplitudes and G’ﬁgwn is the normal Green’s function for

the 2DEG when t = 0, given by

“oD (iwn—ho(k )a'o—i-h(k)a'
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Inserting Eqgs. (22) and (23) into Eq. (21) we obtain the
expression for F2P | which can be written as

k;iw, ?
2D odd even
Fk;iwn - Ak;iwn (Fk;iwn + Fk;iwn) > (24)

where Fieye” (Fdd ) are strictly even (odd) functions of Mat-

subara frequency w,,, and

Aiiwo,, = *[[(iwn + ho(=k))? — [h(=K)[*] "

X [(iwn — ho(k))* — [R(K)[Z] " (25)

is the spin-independent amplitude arising from the product of
the denominators of the Green’s functions CAT’IQ(?W G’E’i;f i
For the most general form of Hap, Ay;i.,, has both even and
odd-frequency terms; however, assuming ho(k) = ho(—k)
and |h(k)|] = |h(—Kk)|, which are true for most systems,
Ak.iw,, becomes an even function of both frequency and mo-
mentum. In this case the relative contributions from the even-
and odd-frequency pair amplitudes are given by F\c7e" and
Fdd | respectively.

We ca decompose each of these even/odd-frequency ampli-
tudes into spin-singlet and spin-triplet components:

e = (Sgher 60 + Dt - o) i, (26)
dd dd  ~ dd A
Fis, =iwn (S]‘(’;iwn o0 + D, 0') 109, 27

where, for the even-frequency amplitudes we have:
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and for the odd-frequency amplitudes:

St =~ (K) - d, o
DLl = b (5%, — b (1) < diio,, B

where hy (k) = h(k) + h(—Kk) is the even/odd parity part
of the spin-dependent field in the 2DEG. Here, h can be
interpreted as the field arising from ferromagnetic ordering
and h_ as the field due to SOC.

Focusing first on the even-frequency spin-singlet ampli-
tudes, we note that the first line in Eq. (28) shows that, as ex-
pected, if the SC layer has spin-singlet pair amplitudes, spin-
singlet pairing is also induced in the 2DEG. Moreover, from
the second line of Eq. (28) we see that, due to the presence
of SOC in the 2DEG, a singlet term can also be induced by
spin-triplet pairing in the SC. It is interesting to note that such
contributions are only possible if h_ # 0 and can be enhanced
by adjusting the angle between h (k) and h_ (k).

Turning our attention to the induced even-frequency spin-
triplet pairing, we see that the first line in Eq. (29) shows an
induced triplet pairing in the 2DEG directly proportional to
the d vector in the SC, as expected. The second and third lines
in Eq. (29) show that the presence of the spin-dependent h(k)
field in the 2DEG layer induces a rotation of the d vector. The
last line in Eq. (29) shows that the presence of SOC in the
2DEQG layer also converts some of the spin-singlet amplitudes
in the SC to spin-triplet pairing in the 2DEG. As in Eq. (28),
we only find this symmetry conversion between triplet and
singlet amplitudes when h_ # 0.

We now focus on the induced odd-frequency amplitudes.
From Eq. (30) we see that an odd-frequency spin-singlet am-
plitude is induced in the 2DEG layer when h (k) # 0 and
a triplet component is present in the SC. In contrast to the
case of induced even-frequency spin-singlet pairing, this odd-
frequency amplitude emerges due to a conversion of spin-
triplet amplitude in the SC to spin-singlet amplitude in the
2DEG for finite h (k) not h_ (k).

In the case of the odd-frequency spin-triplet pairing,
Eq. (31) shows that two contributions are possible. One of
these involves a conversion from spin-singlet pairing in the SC
to triplet pairing in the 2DEG when h (k) # 0. We note that



this term, and Eq. (30) are consistent with known results for
the case of ferromagnet/superconductor junctions [130; 143—
150; 173]. The last term in Eq. (31) shows that a triplet com-
ponent in the SC can also induce an odd-frequency triplet term
in the 2DEG in the presence of SOC, h_ (k) # 0, as long as
h_ is not parallel to di. Typically, for an isolated system,
the superconducting dy vector is parallel to the direction of
the SOC field and so the presence of triplet pairing and SOC
is not sufficient to realize odd-frequency pairing. However,
in a vdW, due to the fact that the vector fields h_ (k) and dy
live in different layers, the condition h_ (k) x di can be read-
ily realized, as demonstrated in the concrete example below.
This fact, also considering the great experimental advances in
creating high quality vdW systems comprising a large vari-
ety of materials, considerably enlarges the set of systems in
which odd-frequency superconducting pairing can be realized
and detected.

A real system in which the condition h_ (k) x dy # 0 can
be realized is a vdW system formed by a monolayer transi-
tion metal dichalcogenide (TMD) placed on a superconduct-
ing surface with Rashba SOC [16]. Considering only states
close to the valence bands in the TMD layer, the Hamiltonian
in Eq (17) can be simplified to obtain:

hTMD _ a*y?
U

Considering that under parity A — —\, we can see that for
a 2D system described by the Hamiltonian given by Eq. (32)
we have hy = 0, and h_ = 2)Z2, where Z is the unit vector
normal to the TMD monolayer.

Using the general expressions from Egs. (28)-(31) we can
obtain the symmetry properties of the superconducting pair
amplitudes induced by proximity in a vdW system formed by
a hole-doped monolayer TMD and a generic superconducting
layer:

k2 4 % + u) s (32)

, 2 2 5
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D](;flAd;iw = —12D a2 X di z;iw, (30

As described for the general case we see that the presence of
SOC, proportional to «, mixes the singlet and triplet compo-
nents for the even-frequency pair amplitudes. The SOC also
generates an odd-frequency triplet pair amplitude proportional
to the strength of the SOC in the TMD monolayer and the
triplet component of the SC, Eq. (36).

We now consider an effective 2D SC with Rashba
SOC [174], which can be realized on the surface of Pb. The
surface of this superconductor can be described using the
Hamiltonian in Eq. (19) with

B¢ = exbo + 1% - (o0 x K) (37)

where €, is the spin-independent part of the electrons’ dis-
persion and 7 is the strength of the Rashba SOC. The energy
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eigenvalues of hSC, By, = ex =+ n|k|, identify the bands of
the SC in the normal phase. For the order parameter, A,
we assume, as is standard[174], that intraband pairing dom-
inates and obtain the corresponding anomalous Green’s func-
tion Fs¢ in the energy eigenbasis of 2C. Rotating back to
the spin basis in which h$€ is expressed in Eq. (37) we obtain

sC 4 o
. Skiiw, 00 + di - @)i0
fse _ AUk 0t )it (38)
o (Sk zw")2 - ‘dk|2
where A is the superconducting gap, and
S, = A% + Wl + 6 + 17k 39)
di = 2exn(—ky, ks, 0) (40)

are the singlet and triplet amplitudes, respectively. Notice that
the presence of Rashba SOC gives rise to a triplet component
with an in-plane d vector, i.e. a d vector that is orthogonal to
the h_ (k) field due to SOC in the monolayer TMD.

From Eq. (36) we see that in vdW systems composed of a
TMD monolayer and an effective 2D SC with Rashba SOC
an odd-frequency spin-triplet pair amplitude will be induced
with strength proportional to the product of the SOC strength
in the TMD and the Rashba SOC strength in the SC. In this
case, the full anomalous Green’s function, FTMD  has the

[ TMD _ ATMD odd even 3
form Fy i, = Ak N, (Fk,A;iwn + Fk,/\;iwn) with

AT]WD _ At2
[(an fk) - a2] [(SEka;iwn)2 -

KAt iy, [2]

where F¢5¢r, and F4%, ,  have the same form as Egs. (26)
and (27) with

Evf?wn = (wTQL + gl% +a ) SlffK)\,uun (41)
Dle(}})?gw = - (W?z + gl% -« ) dk+K>\ - 2Aa£k81§fKA;iwn2

42)

D%, = iddanecik, (k + Ky) (43)

where K, is the momentum vector at the K (K”) point for
A =1 = —1). Here, D%, is the d-vector describing
an odd-frequency spin-triplet [;air amplitude. Using the above
expressions, we find that this pair amplitude corresponds to a
term in the anomalous Green'’s function of the form Fﬁ%f ~

iwpnae (ky £ ik,), where k is the momentum measured
from the center of the BZ.

So far we have assumed that interlayer tunneling conserves
spin and is entirely spin-independent. In general, tunneling
between between materials with different spin eigenstates is
spin-dependent. Such spin-dependence of the interlayer tun-
neling introduces additional mechanisms [147-149; 175; 176]
by which odd-frequency pairing terms can be generated in a
vdW system formed by a superconducting layer and a layer
with strong SOC. Such mechanisms could naturally emerge
in a vdW system formed, for example, by a SC and the sur-
face of a strong 3D TI with a “spin-active” interface, as shown
schematically in Fig. 9.
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Figure 9. Schematic representation of a vdW system formed by a
SC and the surface of a strong 3D TI. Adapted with permission from
Phys. Rev. B 89, 165309 (2014).

There are two basic mechanisms by which an interface can
actively affect the spin state |o): (i) it can impart a spin-
dependent phase |0}, — e?~¥|o), due to the precession of
the spin around a magnetic moment present at the interface;
(ii) the tunneling Hamiltonian can be off-diagonal in the spin
basis, t = ty6¢ + t - o, where t is a 3-components vec-
tor, leading to spin flips. For case (i), when the interlayer
tunneling induces a spin-dependent phase, we can see that a
singlet state, |1), [1) _, — [4)x |T) _i» is converted, after tun-
neling, to the state e (e 1), [1)_, — e [ 1) ).
where nx, = (QT,k + 9¢7k + 9?,—k + 91,,—k)/2 and Ck =
(04 x—0) x+6+,—x—0 _x)/2. Therefore, we see that a triplet
component with amplitude proportional to sin (i emerges due
to the spin-dependent phase introduced by a spin-active inter-
face, even when the SC only has a singlet pairing.

Using the same leading-order perturbation theory discussed
above we can deduce the symmetries of the proximity-induced
pair amplitudes in a vdW system that possesses a spin-active
interface. Here we briefly sketch how the approach leading
to Eq. (21) must be modified in this case, see Ref. [149] for
more details. To account for spin-dependent phase factors we
replace the anomalous Green’s function of the superconduct-
ing layer, FSC (k, w), with a rotated version:

A~ . . 80, A .66 _

EO(K, iw,) = e 273 SO (K, i, et 7 3. (44)
Then, we obtain the following leading-order contribution to
the anomalous Green’s function in the 2DEG layer:

FQD

k;iwy,

. . R T
= GIQ(;['i)wn 3 éic (k7 an) I?T (G%[k);fiwn) ’ (45)
From Eq. (45) we can readily deduce the symmetries of in-
duced pair amplitudes for a variety of vdW systems by insert-
ing the appropriate system-specific expressions for G?” and
FSC

In Ref. [149], the pair symmetries given by Eq. (45) were
examined assuming a conventional spin-singlet superconduct-
ing layer. The analysis was performed for three different
2DEG layers: (i) the surface of a 3D topological insulator
(TD); (ii) a ferromagnet with in-plane magnetization, i.e. an
easy plane ferromagnet (FE); and (iii) a ferromagnet with per-
pendicular magnetization, i.e. a z-axis ferromagnet (FZ). We
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summarize the results in Table I, indicating whether or not
odd-frequency pairing can be realized in each of these systems
for different kinds of spin-active interfaces, and its character
(singlet or triplet).

FZ-SC|FE-SC|TI-SC
Not spin active T T -
Spin-dep. phases T&S|T T
Spin flip T T -
Spin-dep. phases & spin flip| T & S [T & S |T

Interface

Table I. Conditions for the realization of odd-frequency pairing, and
its spin symmetry, singlet (S) or triplet (T), for three superconductor-
based vdW heterostructures, FZ-SC, FE-SC, and TI-SC, including
the effect of a spin-active interface. A “-” indicates that no odd-
frequency pairing is present.

From Table I we see that when the 2DEG layer is either an
FZ or FE, odd-frequency pairing is induced for any kind of
interface, while odd-frequency pairing can only be induced in
the TI in the presence of spin-dependent phases. Comparing
the different symmetries for the different kinds of interfaces
we see that for both the FZ and FE, spin-triplet pairing is al-
ways induced. However, spin-singlet pairing can be induced
in the FZ due to spin-dependent phases, even without spin
flips, while spin-singlet pairing can only be induced in the FE
in the presence of both spin-dependent phases and spin flips.
For the TI, the odd-frequency pairing must be spin-triplet.

We note that odd-frequency pairing has also been investi-
gated in buckled honeycomb systems possessing proximity-
induced superconductivity[170]. In contrast to the re-
sults presented in this section, in that work the pres-
ence of the superconducting layer was accounted for by
adding a spin-singlet BCS order parameter to the Kane-Mele
Hamiltonian[177; 178] and computing the on-site order pa-
rameter self-consistently. For large doping, the authors found
that bulk odd-frequency intersublattice pairing emerges when
the sublattice symmetry is broken by, for example, an electric
field perpendicular to the plane, similar to the odd-frequency
interband pairing found in multiband superconductors[179—
184]. At low doping, when the low-energy states are localized
at the edge of the sample, the authors performed their analysis
in real space for different edge terminations, finding that odd-
frequency pairing arises generically, even in the absence of
an external field. In the case of the zig-zag edge termination,
this was due to the asymmetry between the two sublattices at
the edge[170]. In the case of arm chair terminations, the odd-
frequency pairing was due to the asymmetry between every
other pair of sublattices[170]. In both cases the odd-frequency
pairing arises due to an inhomogeneity of the order parame-
ter which naturally occurs in such finite-size systems. This
phenomenon was also studied in the 2D surfaces of 3D topo-
logical insulators in the presence of an inhomogeneous super-
conducting order parameter[167], finding qualitatively similar
results.



To conclude this subsection we note that the pair amplitudes
given by both Egs. (21) and (45) represent pairing between
electrons in the same 2D layer. However, when the vdW sys-
tem possesses more than one normal layer, interlayer pairing
can also be important, as investigated in Ref. [185]. In that
work, a similar analysis to the one leading to Egs. (21) was
performed for a bilayer system coupled to a superconducting
layer. The authors explicitly investigated the possibility of in-
terlayer pairing. Interestingly, the authors found that, in gen-
eral, because tunneling between adjacent layers dominates,
an asymmetry emerges between the induced gaps on the two
layers. This asymmetry leads directly to odd-frequency in-
terlayer pairing in such vdW heterostructures[185], similar to
phenomena studied in multiband superconductors[179—-184],
double quantum dots[186; 187], and double nanowires[188;
189].

B. Proximity induced Ising pairing

We now focus on the set of superconductor-based vdW sys-
tems in which the superconducting layer is a TMD mono-
layer. One of the key features of superconducting TMD mono-
layers is that the superconducting state is extremely robust
against in-plane magnetic fields: superconductivity survives
for magnetic fields much larger than the Pauli paramagnetic
limit. This is due to the strong spin-splitting of the bands at
the Fermi surface in metallic monolayer TMDs induced by
strong SOC and a lack of inversion symmetry. These con-
ditions favor a particular spin orientation of the Cooper pairs
and the resulting superconducting pairing is termed Ising pair-
ing [190; 191].

The most commonly studied superconducting TMD is
NbSes [190; 191]. The lattice structure is the same as the one
shown in Fig. 8 (a). In its monolayer form the normal state
spectrum of NbSeg has Fermi pockets around the I' point, and
around the corners (K and K’ points) of the BZ, as shown
in Fig. 10 (a). As the figure shows, the Fermi surfaces are
spin-split due to SOC and broken inversion symmetry. The
splitting of the Fermi surface is much stronger for the K and
K’ pockets than for the T' pocket given that, at the T' point,
the k and —k states coincide. As a consequence, in the super-
conducting state, the pairing at the K and K’ pockets is much
more robust against external in-plane magnetic fields that at
the I' pocket. Such a difference is hard to detect experimen-
tally in isolated monolayers of NbSe, given that even when
the Zeeman term due to an in-plane magnetic field is large
enough to completely suppress the superconducting gap at the
T" pocket, the superconductivity arising from the states around
the K (K’) pockets survives and therefore prevents the use
of transport measurements to observe the breakdown of the
superconducting state at the I" pocket.

In vdW systems formed by one monolayer of a material
such as NbSey and another, non-superconducting layer we
can expect that the superconducting pairing induced by prox-
imity in the normal layer will retain some of the properties of
the pairing in NbSe; and, in particular, its Ising nature. A nat-
ural candidate system to combine with NbSes is graphene.
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As pointed out above, there is a large mismatch between
graphene’s and TMD’s lattice constants and so one would ex-
pect that no significant hybridization between the graphene’s
and the NbSes’s states could take place. However, for some
twist angles the Fermi pockets of NbSes are large enough to
overlap with graphene’s Dirac points. This is displayed in
Fig. 10 (a) where the green and blue lines show the spin-
split Fermi surfaces of NbSeq, and the black circle the po-
sition of graphene’s Dirac points as the twist angle 6 is var-
ied between 0 and 360°. For a range of angles, +7.2° [192],
around 0° (and multiples of 60°) the Dirac points intersect
the K (or K”) Fermi pocket of NbSes, and for a range of an-
gles, £3.9° [192], around 21.9° (and multiples of 60°) the
Dirac points intersect the I' Fermi pocket of NbSes. As a
consequence, graphene can be used to probe the differences
between the electronic states of the different Fermi pockets
of NbSe,, including properties of the superconducting pair-
ing [193].

Ab-initio calculations [192] show that when placed on
NbSes graphene becomes hole doped, Fig. 10 (b), so that the
Fermi energy in the graphene layer is ~ 400 meV below the
Dirac point. These calculations also show [192] that the in-
terlayer tunneling between the two systems is of the order of
20 meV and that this value, and the amount of charge transfer
do not depend significantly on the twist angle. Using these
values we can construct a continuum model as described in
Sec. II to obtain the low-energy properties for generic values
of the twist angle.

Figure 10. (a) Fermi surfaces of monolayer NbSez. The blue (yel-
low) FSs are the NbSez FSs for spin up (down) respectively, the
black circle shows the position of the graphene Dirac point as 6 is
varied between 0 and 360°. The red circles delimit the region within
which the graphene FS is confined as the twist angle is varied. (b)
Low energy band structure, in red, of a graphene-NbSez systems
obtained from ab-initio calculations including relativist corrections
for a commensurate stacking corresponding to § = —65.2°. The
blue lines show the low energy bands of an isolated graphene layer
with doping corresponding to the charge transfer occurring when
graphene is place on NbSe,. detail of (a). (d): low energy detail
of (b). Adapted with permission from Phys. Rev. B. 99, 235404
(2019)

For twist angles such that the Fermi surface of graphene
touches one of the Fermi pockets of NbSes, superconducting
pairing can be induced in the graphene layer. Figure 11 (a)
shows the value of the induced gap, A;,q, in the graphene
layer as a function of the twist angle. The red circles indi-



cate the values of A;,q for the cases when the graphene FS
touches the K (K’) Fermi pocket of NbSe,. The blue squares
denote the cases when the graphene FS touches the NbSe,
Fermi pocket around the I' point. These results show that in
superconductor-based vdW systems such as NbSes-graphene
heterostructures, the size of the gap induced by proximity can
be strongly tuned by varying the twist angle.

Figure 11 (b) shows how the proximity-induced supercon-
ducting gap in the graphene layer depends on the strength of a
Zeeman term, V,, due to the presence of an in-plane magnetic
field, for different values of the twist angle. The solid lines
with circles show the results for values of 6 such that the low
energy states in graphene hybridize with the low energy states
close to the K (K') point in NbSes. The dashed lines with
squares show the results for the cases where the graphene FS
touches the NbSes Fermi pocket at the I" point. We see that in
the first case the induced superconducting gap is much more
robust against the presence of an in-plane field than in the sec-
ond case. This is a consequence of the fact that, for the first
case, the graphene is effectively probing the superconducting
gap of NbSes at the K (K’) where the spin-splitting due to
the SOC is much stronger than for the pocket around the I"
pocket, and therefore the Ising nature of the pairing is much
more pronounced.

(a) 0.1 (b)1. B~ P S

0.4
0

Figure 11. (a) Induced superconducting gap, Aing, into the graphene
layer as a function of the twist angle. (b) Ajnq as a function of Zee-
man field V, The solid lines (circles) show the results for values of 6
for which graphene’s FS overlaps with NbSe2’s FS pockets around
the K (K'). The dashed lines (squares) show the results for values of
0 for which graphene’s FS overlaps with NbSez’s FS pocket around
the I" point. Adapted with permission from Phys. Rev. B. 99, 235404
(2019)

The results of Fig. 11 (b) show that in vdW systems like
graphene-NbSey, the Ising character of the induced supercon-
ducting pairing can be tuned via the twist angle. In addition,
they show that in these types of structures graphene can be
used to probe the relative strength of the gaps on different
parts of the FS of the substrate, and the robustness of these
gaps to external magnetic fields.
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VI. CONCLUSIONS

In this article we have reviewed recent work on heteroge-
nous van der Waals systems in which one of the components
has strong spin-orbit coupling. The field of van der Waals sys-
tems is now very large and so we have restricted the discussion
to a few exemplary vdW systems.

We first presented the general effective model to obtain the
low energy electronic spectrum for a generic stacking con-
figuration. The model relies on parameters that must be ob-
tained via ab-initio calculations, or, when possible, directly
from experimental measurements. We then discussed, in de-
tail, the case of a van der Waals system formed by coupling
a single layer of graphene to the surface of a three dimen-
sional strong topological insulator. We discussed how the hy-
bridization between the states in these two systems strongly
enhances the spin-orbit coupling of the graphene layer. We
then considered the electronic transport of graphene-TI bilay-
ers and showed how the enhancement of the spin-orbit cou-
pling in graphene, and the additional screening of charge im-
purities by the graphene layer, can lead to a considerable am-
plification of spin-dependent effects, such as the Edelstein ef-
fect. We briefly discussed the case of heterostructures formed
by graphene and semiconducting transition metal dichalco-
genides.

In the second part of the work we discussed the case
of heterogenous vdW systems in which one of the com-
ponents is superconducting. Given the scope of this spe-
cial issue, particular focus was placed on systems in which
odd-frequency pairing can be realized. We first presented a
general analysis allowing the identification of conditions for
realizing odd-frequency pairing based on a combination of
proximity-induced superconductivity and spin-orbit coupling
in superconductor-based vdW systems. Based on this general
treatment, we observed that vdW systems with spin-orbit cou-
pling are ideal systems for realizing odd-frequency pair corre-
lations. A distinct advantage over bulk superconductors with
a similar degree of spin-orbit coupling is that the direction of
the field describing the spin-orbit coupling and that of the dy
vector describing the spin configuration of a triplet supercon-
ductor can be completely different since they belong to differ-
ent layers in the vdW system. After this general discussion,
we examined a concrete example in which this condition can
be realized: a vdW system formed by a monolayer transition
metal dichalcogenide and a two-dimensional superconductor
with Rashba spin-orbit coupling. We then discussed the case
of vdW systems in which the interface between the super-
conducting layer and the normal layer causes the interlayer
tunneling to be spin-dependent. We reviewed the conditions
under which such a “spin-active” interface can lead to the for-
mation of odd-frequency superconducting pairing. Finally, we
discussed the case in which the superconducting layer exhibits
Ising superconductivity, as in monolayer NbSes. In particu-
lar, we saw that in graphene-NbSes vdW systems the size of
the superconducting gap, and its robustness against in-plane
magnetic fields, strongly depends on the relative twist angle
between the layers.

We emphasize that one of the most interesting features of



van der Waals systems is that the choice of layers is, to a large
extent, not constrained by chemistry. On top of the flexibility
in the choice of constituent layers, recent experimental devel-
opments demonstrating that the relative twist angle between
layers can be controlled within a fraction of degree allow for
an incredible amount of tunability of the interlayer coupling.
As we have seen in our discussion of just a limited sample of
possible van der Waals systems with spin-orbit coupling, the
ability to combine layers with different properties can be used
to realize and control exotic superconducting states and engi-
neer systems with strong spin-dependent transport effects. By
continuing to study the myriad combinations of the growing
number of two-dimensional crystals, we expect many more
novel and surprising electronic properties will be discovered
in van der Waals structures.
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