
Physics 786, Spring 2017
Problem Set 4, Due Thursday, March 2, 2017.

1. Index Contraction

a) If Aµ and Bν are vectors under general coordinate transformations, then
show that AµBµ = AµBνgµν is a scalar.

b) Show that the covariant derivative of AµBµ is

Dν(A
µBµ) = ∂ν(A

µBµ).

2. Covariant derivative of the metric

a) Show that gµν;λ = 0.
b) Show that gµν;λ = 0.
c) Show that δ ν

µ ;λ = 0.

3. Divergence in Spherical Coordinates

Consider spherical coordinates (r, θ, φ), which are related to Cartesian
coordinates (x, y, z) by,

x = r sin θ cosφ

y = r sin θ sinφ

z = r cos θ.

a) If the components of a vector in Cartesian coordinates are V x, V y, V z,
then what are the components of that vector in coordinates (r, θ, φ), i.e.
V r, V θ, V φ?

b) Using the covariant expression for the divergence,

DµV
µ =

1
√
g
∂µ (
√
gV µ) ,

calculate the divergence∇·V in 3D Euclidean space in coordinates (r, θ, φ).

c) Your result in part (b) might not look like the expression for the di-
vergence in spherical coordinates that you are familiar with. What is the
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relation between V r, V θ, V φ and the components of the vector Vr, Vθ and
Vφ in terms of an orthonormal basis of unit vectors in spherical coordi-
nates, i.e. V = Vr êr+Vθ êθ+Vφ êφ = V x êx+V

y êy+V
z êz? Now explain

how the result of part (b) agrees with the usual expression for ∇ · V in
spherical coordinates.
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