
Physics 721, Fall 2023
Problem Set 2
Due Mpnday, September 25.

1. The so(3,1) Algebra

The generators of the rotation group in three dimensions, SO(3), satisfy
the algebra

[
T a, T b

]
= i

∑
c ε
abc T c. The matrices T a = σa/2, a = 1, 2, 3,

form a representation of the algebra.

The analogous relations for the six generators of Lorentz transformations
Jµν, µ, ν = 0, 1, 2, 3, with Jµν = −Jνµ, are

[Jµν, Jρσ] = i (ηνρJµσ − ηµρJνσ − ηνσJµρ + ηµσJνρ) .

These commutation relations define the algebra so(3,1). Using the prop-
erties of the Dirac γ-matrices, show that the generators of Lorentz trans-
formations in the Dirac spinor representation,

Sµν =
i

4
[γµ, γν] ,

satisfy the commutation relations describing the Lorentz algebra.

2. Scalar Fields with Interactions

Consider a theory of a complex scalar field ψ(x) and a real scalar field
φ(x), with Lagrangian density,

L = |∂µψ|2 −M 2 |ψ|2 +
1

2
(∂µφ)2 − 1

2
m2φ2 − g ψ∗ψφ− λφ4

where M , m, g, and λ are constants.

a) What are the Euler-Lagrange equations for ψ, ψ∗, and φ?

b) What is the 4-vector current associated with the symmetry ψ → eiθψ,
ψ∗ → e−iθψ∗? What is the associated conserved charge?

c) What are the conserved energy and spatial momentum in terms of ψ and
φ? Is the energy bounded below for some choice of signs of the constants
in the Lagrangian density?
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