Physics 721, Fall 2006 Josh Erlich
Problem Set 1: The Dirac Equation
Due Tuesday, September 19.

1. Lorentz transformations

If A*, describes a Lorentz transformation, such that
xt— A x¥

then how do the following transform under the Lorentz transformation:

a) The Minkowski tensor, 7,7
b) 0,¢(x) 0"¢(x), where ¢(z) is a scalar field?

¢) 52 [p(z) v ¢(x)], where ¢(z) is a Dirac spinor field?

d) ¥ (z)y" " (x)?

Prove your results by explicit computation, using the properties of A*,
and the specified representations of the Lorentz group.

2. Dirac spinor representation

The generators of rotations in three dimensions, 7%, a = 1,2, 3 satisfy the
SO(3) algebra, [T“, Tb} = i€ T¢ where €% is completely antisymmetric
in a, band ¢, with €' = 1.

The analogous relations for the six generators of Lorentz transformations
JY, uv=0,1,2,3 with J¥ = —J"" are,

[JMV, Jpa] — -(ngJ/,LO' _ gp,pJIJO' . gVJJup _|_ guJJl/p) )

These commutation relations define the Lorentz algebra, SO(3,1). Using
the properties of the Dirac y-matrices, show that the generators of Lorentz
transformations in the Dirac spinor representation,
5 = Ly, )
4 Y Y

satisfy the commutation relations describing the Lorentz algebra.



3. Chirality

Any Dirac spinor can be decomposed into a left-handed and a right-handed
part by using the chirality projection operators,

1—7° 144
Py = Pr = .
L 9 R 9

Using the properties of 4° show that:

a) Pg:PL, PIQ{:PR, PLPR:PRPL:O.

b) Given a Dirac spinor ¢ define its left-handed part as ¥, = Pr v and
its right-handed part as 1 p = Pg 1. Show that under a Lorentz transfor-
mation of 1, the left and right-handed components of 1 transform inde-
pendently. This implies that the Dirac spinor forms a reducible repre-
sentation of the Lorentz group.

¢) By acting on the Dirac equation (i — m) 1 = 0 with P, and with Pg,
rewrite the Dirac equation in terms of a coupled set of equations for vy,
and Yp.

d) Show that the equations for ¢y and ¥ p decouple when m — 0.

4. Solution to free Dirac equation with momentum in arbitrary direction

The solution to the Dirac equation for an electron moving in the x3-
direction with momentum p? is, in the Weyl basis,

P(x) = u(p) e® ",

where,

—_

wp) — [ VEFP ST ) +VE = () €
VE+P (52 ) + VE=p (157)] ¢ )

and £ is a 2-component Pauli spinor.

Show that the above solution can be written as,

where o = (1,0), o = (1,—0). In this form the solution is valid when
the momentum is in an arbitrary direction.

2



5. Current conservation for the Dirac equation

Show that,
p = Yl
J = cyptay,
satisfy the current conservation equation,
dp >
—+V-J=0,
ot

where 1) satisfies the Dirac equation for an electron coupled to a back-
ground electromagnetic field, and @ are the 4 x 4 matrices appearing in
the Dirac equation.



