
Physics 611 Homework #4 handed out 03 November 2016
due 10 November 2016

1. For a cylindrical waveguide, the lowest TM mode, the TM01, exhibits a purely outward (or purely
inward, depending on the time) electric field in the radial direction. This is very peculiar given that there
is no free charge within the waveguide.

E

(cross section in x−y plane)

Show for this mode, that when thinking properly in 3D, the total flux through a surface surrounding a
point on the axis of the waveguide is in fact zero.

As a reminder, you should have in your notes that for the TM01 mode,

Ez = E0 J0(γρ)e i (kz−ωt ),

Eρ =− i k

γ
E0 J1(γρ)e i (kz−ωt )

(corrected),

Eφ = 0.
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Say the point of interest on axis is between z1 and z2 (z2 > z1).
Integrate over a closed cylindrical surface of radius r (r < waveguide radius) with endcaps at z1 and z2.
The total flux through the surface is,∮

~E · ~d a =
∫

curved surface
Eρ 2πr d z +

∫
(z2)

Ez 2πρdρ−
∫

(z1)
Ez 2πρdρ . (1)

Omitting writing the time dependence,∫
curved surface

Eρ 2πr d z =−2πi kr E0

γ
J1(γρ)

∫ z2

z1

e i kz d z =−2πr E0

γ
J1(γρ)

(
e i kz2 −e i kz1

)
. (2)

Also,∫
(z2)

Ez 2πρdρ = 2πE0e i kz2

∫ r

0
J0(γρ)ρdρ = 2πE0

γ
e i kz2

∫ r

0
dρ

d

dρ

(
ρ J1(γρ)

)= 2πr E0

γ
J1(γr )e i kz2 , (3)

using the theorem d [x J1(x)]/d x = x J0(x). Similarly,∫
(z1)

Ez 2πρdρ = 2πr E0

γ
J1(γr )e i kz1 . (4)

Adding up, ∮
~E · ~d a = 0. (5)



2. Jackson problem 8.2.
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3. (a) Find for electric dipole radiation in the far zone, also known as the radiation zone and characterized
by r /λÀ 1, the ratio

|c~B |
|~E | .

(b) Find the same ratio for the near zone, also known as the static zone and characterized by r /λ¿ 1.

(c & d) Find the same ratio for magnetic dipole radiation in the far and near zones.
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For electric radiation,

~H = ck2

4π

e i kr

r

(
n̂ ×~p)(

1− 1

i kr

)
,

~E = 1

4πε0

{
k2 (

n̂ ×~p)× n̂
e i kr

r
+e i kr (

3n̂
(
n̂ ·~p)−~p)( 1

r 3 − i k

r 2

)}
. (6)

(a) In the radiation zone (r →∞),

~B =µ0~H = µ0ck2

4π

e i kr

r

(
n̂ ×~p)

,

~E = k2

4πε0

e i kr

r

(
n̂ ×~p)× n̂ . (7)

Hence

|c~B |
|~E | = ε0µ0c2 = 1. (8)

(b) In the near zone (r → 0),

~B = iµ0ck

4π

e i kr

r 2

(
n̂ ×~p)

,

~E = 1

4πε0

e i kr

r 3

(
3n̂

(
n̂ ·~p)−~p)

, (9)

so that,

|c~B |
|~E | = ε0µ0c2 ×O (kr ) → 0. (10)

(c) and (d), the magnetic cases, are similar, with ~E ↔±c~B and ~p → ~m/c.
(c) is as above, and
(d)

|c~B |
|~E | = ε0µ0c2 ×O

(
1

kr

)
→∞ . (11)
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