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ABSTRACT

In optical measurements, quantum noise arises from inherent fluctuations in the amplitude
and phase of a light field, setting a fundamental limit to detection sensitivity. Although
this type of noise is unavoidable, it can be addressed by engineering special quantum states
known as quadrature-squeezed states. These states allow noise to be reduced in either the
amplitude or phase quadrature, although this comes at the cost of increased noise in the
conjugate parameter.

Using a generalized reconstruction method, it is possible to separate the squeezed
modes through their unique squeezing parameters, even when these modes are spatially
overlapped. This study discusses noise tolerance in realistic measurement environments
and determines the resolution limits for extracting squeezed state parameters. The frame-
work developed here may be used across a range of applications, including quantum-
enhanced metrology for improved precision and imaging techniques.
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SPATTIAL RECONSTRUCTION OF QUANTUM STATES OF LIGHT



CHAPTER 1

Introduction

1.1 Noise Sources

In experimental setups, both classical and quantum noise sources introduce uncertain-
ties that affect measurement precision. These phenomena represent significant challenges
in achieving accurate results, necessitating a thorough understanding of their origins and
mitigation strategies.

Classical noise arises from environmental and technical factors inherent to the ex-
perimental apparatus. Common examples include apparatus vibrations, laser frequency
drifting, thermal drifts, and laser intensity fluctuations. Such disturbances often stem from
external mechanical oscillations, temperature variations, or instability in laser output. To
address these issues, researchers employ suppression techniques such as locking systems,
which stabilize components by actively compensating for detected deviations. While these
methods effectively reduce classical noise, they cannot eliminate uncertainty entirely due
to the presence of intrinsic quantum effects.

The principle of quantum effect establishes a lower bound on the uncertainty between



two conjugate variables, expressed as AgAp > g [3]. This is known as Heisenberg’s uncer-
tainty principle. Here, ¢ (position) and p (momentum) exemplify conjugate pairs, though
in optical contexts, quadratures ¢ and p often serve as the relevant quadrature variables
in phase space. For a coherent state (a quantum state of which there is a close classical
approximation) the uncertainties in these conjugate quantities are equal. However, ad-
vancements in quantum optics enable the creation of squeezed states, where one variable’s
uncertainty is reduced below the standard quantum limit.

Squeezed states represent a pivotal innovation for precision measurements, particu-
larly in fields like gravitational wave detection and quantum communication. By redis-
tributing uncertainty between conjugate variables, these states ”squeeze” noise out of a
desired parameter, enhancing sensitivity in specific measurements.

In this work, we systematically characterize individual squeezed modes by their dis-
tinct squeezing parameters, which allows us to precisely determine the spatial structure
associated with each mode. We review the squeezing parameter and its significance in
quantum state characterization, as well as the historical development of the analytical

tools and decomposition techniques used to uncover the spatial structure of these modes.

1.2 History of Squeezing

Although classical methods can solve many optics experimental challenges, there is
a fundamental noise limit from the photons of laser light that cannot be further reduced.
This is called the shot noise, or the lowest noise floor limit classical techniques can reach
as lasers follow Poissonian statistics [4]. Squeezed light states, by definition, have one
quadrature measurement with noise levels below shot noise.

The uncertainty principle was formulated in 1927 when Heisenberg introduced matrix

mechanics, revealing that measuring a particle’s position inevitably disturbs its momen-



tum, and vice versa [5]. However, since the field of modern optics only emerged in the
1960’s with the advent of the laser, it took several decades before the terminology and
foundational concepts commonly used today became established.

In 1963, Glauber introduced coherent states (laser-like states) as minimum uncertainty
product states for quadratures. These states saturate the uncertainty inequality, with equal
variances in both quadratures. Glauber’s coherence theory formalized quadrature-phase
measurements [6]. Coherent states were also independently developed by Klauder in 1960
(as over-complete basis states) and Sudarshan in 1963 (who linked classical and quantum
descriptions) [7, 8, 9].

The 1970’s saw the invention of the tunable laser and through the theoretical study
of photon statistics by Walls et al., Carmichael et al., Cohen-Tannoudji et al., Mandel and
Kimble, the foundation of non-classical light was laid [9, 10, 11].

Squeezed states of the optical field were first proposed theoretically by Stoler et al.
in 1970 [12, 13]. However, the field of quantum nonlinear optics began with the work of
Burnham et al. and Weinberg et al. in 1970 [14]. Up until the 1980’s, nearly all studied
light fields exhibited phase-independent noise. This situation changed with the advent of
squeezed light sources, which possess phase-sensitive noise characteristics. The develop-
ment of these sources made it possible to explore the Heisenberg uncertainty relations in
optical fields [9]. The 1970’s and 1980’s witnessed groundbreaking theoretical progress in
squeezed-state research. Yuen et al. pioneered methods for producing two-photon coherent
states via four-wave mixing in 1979 [15]. Subsequent work by Caves et al. revealed how
squeezed light could reduce quantum noise in interferometers, while Walls later compiled
a seminal review synthesizing these advancements [16, 17, 18].

Experimental demonstrations and results began to emerge in the 1980’s. In 1987
Slusher et al. produced squeezed states via four-wave mixing in a cavity [19], while Shelby
achieved similar results using optical fibers in 1986 [20]. Wu et al. recorded significant early
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squeezing levels (-4 dB below shot noise) through an optical parametric oscillator (OPO)
system in 1987 [21]. Pereira et al., who came from the same group as Wu, demonstrated
enhanced interferometric performance with squeezed states a year later [18, 22].

Squeezing methods involving atomic material also came about in the 1980’s, with
Slusher et al. implementing 4WM in sodium [23]. Subsequent decades witnessed continued
progress [24, 25, 26, 27|, culminating in record squeezing levels reaching —15 dB below
shot noise using an OPO driven system [28]. McCormick et al. and Lett extended the
4WM squeezing approach to rubidium vapors in 2007 and 2008, respectively [29, 30].

Polarization self-rotation (PSR) emerged as a significant nonlinear optical phenomenon
to produce squeezing through foundational work by Novikova, Matsko, and colleagues [31,
32, 33, 34, 35]. Their early studies established that elliptically polarized light propagating
through resonant atomic media undergoes polarization ellipse rotation due to differen-
tial AC Stark shifts between circular polarization components, without requiring external
magnetic fields. This effect was linked to quantum noise suppression, with their 2002
model predicting vacuum squeezing via cross-phase modulation between pump and vac-
uum fields [34]. Practical implementations required accounting for atomic hyperfine struc-
ture and ground-state decoherence such as mitigating noise in hot Rb vapors by tuning
laser detuning and power [36].

The framework expanded to ultracold atomic systems, where Horrom et al. observed
PSR-Faraday rotation interplay in rubidium, showing how residual magnetic fields modify
ellipticity-dependent rotation angles in 2011 [37]. These studies validated Novikova and
Matsko’s predictions while highlighting system-specific constraints. Their collective work
remains pivotal for quantum metrology applications, particularly in developing squeezed-
light sources via atomic nonlinearities.

In magnetometry, Horrom et al. demonstrated enhanced sensitivity by generating
squeezed light via polarization self-rotation in rubidium vapor [38]. Kong et al. optimized
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this approach using polarization-squeezed light resonant with the Rb D1 line, suppressing
photon shot noise by 2 dB and improving high-frequency sensitivity without degrad-
ing low-frequency performance [39, 40]. For absorption measurements, Marino developed
on-resonance two-mode squeezed states via four-wave mixing in Rb vapor, enabling ef-
ficient atomic interactions through feedforward techniques that transferred squeezing to
single-mode configurations [41]. The most impactful application lies in gravitational wave
detection, where LIGO’s implementation of squeezed vacuum states reduced quantum
noise by manipulating vacuum fluctuations, achieving record sensitivity above 200 Hz and
validating compatibility with large-scale interferometer operations [42, 43].

More recently, Zhao et al. and Yu et al. from East China Normal University experi-
mentally produced 4.3 dB of squeezing via polarization self-rotation (PSR) [44], the same
squeezing process we use in this work. Using an additional magnetic field and an artifi-
cial intelligence optimization scheme, they improved their total squeezing which originally
was 1.5 dB [45]. PSR will further be discussed in Sec. 5.1 as that is also the squeezing
mechanism we use in this work.

Past efforts of this work include spatially tailoring multimode Gaussian squeezing to
mode-match with a reference beam, or local oscillator [46, 47]. As PSR produces squeezing
without any prior information of what type of modes or how many are present, we have
a large search space to go through. Even without full mode-matching schemes, the mixed
mode squeezed light has been demonstrated to improve the detection sensitivity of an
atomic magnetometer [48].

As we have so thoroughly discussed squeezed light, which is characterized by its
squeezing parameter, we are additionally interested in the spatial mode shape of individual
squeezed light modes, which calls for specialized decomposition methods, which we discuss

next.



1.3 Decompositions

The spatial shape of squeezed modes are considered Gaussian in nature and maintain
certain characteristics as they propagate, mix, and are detected [49]. The relationship
between Gaussian modes and Singular Value Decomposition (SVD) arises in contexts
where systems exhibit Gaussian behavior or noise, and SVD provides a mathematical
framework to analyze their structure, or decompose multimode Gaussian systems into
individual modes.

Singular Value Decomposition (SVD) is a foundational matrix factorization technique
commonly used in physics, offering insights into complex systems by distilling data into
interpretable components. At its core, SVD decomposes any m by n matrix, A, into three
matrices: W (left singular vectors), 3 (diagonal singular values), and V' (right singular
vectors), such that A = WXV. This decomposition is unique up to the ordering of
singular values, which are non-negative and hierarchically arranged, reflecting the relative
significance of each component. Furthermore, if A is real with a positive determinant, W
and V' are real orthogonal matrices [50].

Singular Value Decomposition (SVD) is a general-purpose matrix factorization tool,
but Williamson and Bloch-Messiah Decompositions are specialized for symplectic matrices
in physics, preserving critical structures in classical and quantum Hamiltonian systems.
Thus, we utilize the more specific decomposition processes in Sec. 4.2. Symplectic matrices
preserve linear transformations the fields experience as they propagate through common

optical elements.

1.3.1 Williamson Decomposition

In 1936, John Williamson demonstrated that any positive-definite symmetric matrix

can be diagonalized via some symplectic matrix so long as the initial matrix is real and even



in size [51]. Today this method is an important factorization tool in continuous variable
(CV) quantum optics and has found uses in pure state decompositions and mixed Gaussian
states, which are of particular interest for our purposes [52]. As discussed in Sec. 4.2 we
use Williamson Decomposition as an initial factorization process to obtain a symmetric
matrix that maintains the physical meaning of thermal modes present in the system, which
next feeds into another decomposition process, Bloch-Messiah Decomposition, which is

discussed below.

1.3.2 Bloch Messiah Decomposition

In Section 4.2 we utilize a special singular value (SVD) decomposition form to break
down experimental measurements into more meaningful physical components. This is
known as Bloch-Messiah Decomposition, named after C. Bloch and A. Messiah [53]. The
two physicists initially developed a similar method for fermions in 1962 that was later
modified for bosons by Braunstein, who introduced the name 'Bloch-Messiah’ [54]. Bloch-
Messiah follows a similar recipe as it linearly rotates (O ), nonlinearly squeezes (Z), then
linearly rotates (Oz) a square matrix. The Bloch-Messiah Decomposition has been de-
scribed as "nothing but the singular value decomposition of a symplectic matrix” by Ser-
afini in 2017 [50]. This reduction process essentially utilized SVD on the resulting matrices
from the Bogoliubov transformation, assuming we started with a Gaussian unitary, U [55].

As of 2018, this method has been applied to broadband squeezed light to decompose
multimode systems into individual squeezed modes [56] and initial attempts to general-
ize to multimode squeezing have been ongoing [57] as researchers continue to refine its
implementations in quantum optics.

Overall, Bloch-Messiah Decomposition reduces continuous variable quantum infor-

mation (or more specifically, complex Gaussian unitary operators, U) into its irreducible



sources by identifying input and output modes of optical squeezers [52]. This is conve-

niently what we are aiming to achieve.



CHAPTER 2

Gaussian States

Gaussian quantum states hold fundamental importance in quantum optics as they are
preserved under all processes generated by Hamiltonians, up through the second-order, or
lower in the field operators. This includes operations such as linear optics and quadrature
squeezing. An effective way to analyze and calculate properties of these states is through
the use of phase-space variables and symplectic transformations. By employing phase-
space methods, we can identify the symplectic transformations associated with commonly
used optical operations, such as displacements, beam splitters, and squeezing. These
methods also provide systematic procedures for tracing out modes, handling homodyne

measurements, and determining squeezing parameters in experimental settings [50].

2.1 Classical Electric Field

The classical electric field equation can be approximated as a monochromatic plane

wave as follows:

—

E(Ft) = £, & + E,e'j) (2.1)
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where the plane moves along Z and is shown in its spatial linear components & and ¢. The
electric field at any point can be described as the sum of two perpendicular components,
each oscillating independently in the transverse plane. The amplitudes &£, and &, along
with their respective phases ¢, and ¢,, completely characterize the orientation and tem-
poral evolution of the electric field vector. The relative magnitudes and phases of these
orthogonal components determine the way the electric field vector traces out a path in the

plane perpendicular to the direction of propagation, or describes the polarization of the

field.

2.2 Polarization

Natural light sources emit unpolarized light because their transverse electromagnetic
waves propagate with equal probability across all oscillation planes. Polarization refers to
the orientation of the electric field’s (Eq. 2.1) oscillations within these waves. In a labo-
ratory setting, it is possible to manipulate a light source to produce specific polarization
states. For instance, if light consists of one plane wave, we call this linearly polarized light
(Fig. 2.1a). If light consists of two plane waves with equal amplitude and a phase differ-
ence of 90°, the resulting light is circularly polarized (Fig. 2.1b). On the other hand, if the
two waves have unequal amplitudes and are still separated by a 90° phase difference, or
if the phase difference is any angle other than 90°, the light becomes elliptically polarized
(Fig. 2.1¢). This ability to control polarization is essential for various experimental and
practical applications, including our work.

Linearly polarized light can be decomposed into right-handed circularly (RHC) polar-
ized components and left-handed circularly (LHC) polarized components, of equal strength
and is described as

Elinear = ERHC + ELHC’ (22)
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a) Linear b) Circular ZA c) Elliptical ZA

"%

FIG. 2.1: Types of light polarizations a) Linearly polarized light b) Circularly polarized
light ¢) Elliptically polarized light. Adapted from ”Hyperphysics,” by C. R. Nave, 1998,
hyperphysics.phy-astr.gsu.edu. Accessed 6 Sept 2024.

where RHC (LHC) polarized light has the same amplitude of the electric field (Ejinear), or
constant magnitude but with some (counter)clockwise rotation of the electric field vector
¢rHC(LHC)- Maintaining clean linear polarization is a key experimental requirement for

our method of squeezing production.

2.3 Quantization of the Electric Field

As we will soon see, working in phase space (instead of 3D human space) enables a
strong visualization and intuition about the states of light (Sec. 2.8) we are interested in.
Phase space combines ordinary space and momentum space, forming a six-dimensional
space where the state of a particle can be described. [58, 59]. Classical physics allows
for the exact determination of a particle’s spatial position and momentum, enabling its
state to be depicted as a point in the phase space. However, we do not have the luxury of
certainty as we move into the quantum realm. To expand the classical point measurement,
we first must quantize the electric field while maintaining the Gaussian state form.

The quantized Hamiltonian, (#), of the electromagnetic field can be described as:
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H = hw (a*a + %) (2.3)

where & is the reduced Planck constant, a is the creation operator, and a is the annihilation
operator [9]. The creation operator adds a photon to the system while the annihilation
operator removes a photon. The operators hold bosonic commutation relationships as
[a,a) = 1 [60].

We next introduce the number state n to represent a quantum state of light with a pre-
cisely defined number of photons. Number states are fundamental in quantum mechanics,

providing a particle-like description of electromagnetic fields and satisfy
N|n)y=n|n), ne{0,1,2,...} (2.4)

where N = a'a is the number operator and n is the photon count [9]. Note, number states
do not have any uncertainty in their photon count.

Creation and annihilation operators can be applied to a number state as
a'ln) =vn+1|n+1) (2.5a)

alny = v |n—1). (2.5b)

As the Hamiltonian describes the total energy of the system, and |n) is an energy

eigenstate of a single state we see

fln) = %m}(amw — Eun), (2.68)

1
B, =hw(n+3),n ezt (2.6b)
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where the lowest energy, or vacuum, is described as n = 0 such that Ey = %“’ In this text,
we focus on vacuum states, or the lowest-energy configuration of a quantized electromag-
netic field, characterized by the absence of photons and normalize the lowest energy to 1,
FEy ~ 1 for convenience. Further details are provided in Sec. 2.8. Later on, we use this

lowest energy to physically verify our reconstruction results.

2.4 Quadrature Basis

Similarly to position and momentum operators, we define new quadratures in phase

space, ¢ and p, as

Quadrature operator ¢ is the real part of the electric field and operator p is the imaginary
component of the field [4].
We introduce an operation transformation matrix from the creation and annihilation

operators to quadratures as

q al
=Q (2.8a)
P a
q 1 (1 1 al
= (2.8b)
p) V2l i) \a

where a \/Li normalization factor is inserted in our definition of () as basis transformations
are unitary, or physically reversible.

Quadratures ¢ and p commute as [g, p| = 2¢ such that they can never yield zero, and
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thus the Heisenberg Uncertainty Principle arises fundamentally from this non-commutativity.

Explicitly, the uncertainty principle claims

((A9)*) ((Ap)*) > 1 (2.9)

where the product of each quadrature’s variance cannot be further reduced [9, 4]. Thus
there is a minimum amount of noise that will always exist in the field, intrinsic to the
quantum characteristics of light. Eq. 2.9 is often called the standard quantum limit (SQL)
when the quadratures’ product of uncertainty is at its lowest, 1. The SQL is a highly
critical point as it is a fundamental boundary in precision measurements imposed by
quantum mechanics. Without employing techniques, such as producing squeezed light,

this limit defines the minimum level of quantum noise achievable.

2.5 Wigner Function

Wigner distributions were first introduced by Eugene Wigner in 1932 [61]. Every
Gaussian state has a Gaussian Wigner function, or a quasi-probability density function
which yields all mode information. ”Quasi” simply indicates that it is possible for the
distributions to include negative values, or that they are non-classical [60]. However, for
linear canonical transformations, the Wigner function exhibits precisely the same behavior
as a classical probability distribution in phase space and is thus only positive [62].

The Wigner function aims to tie the wavefunction from Schrodinger’s equation to a
probability distribution in phase space and fully describes the physical mode(s) present
in the system. From the experimentalists’ point of view, the Wigner function acts as a
visualization aid for the complex mode structure as our view of the mode in phase space is

just a projection, or segment, of the Wigner function [4]. In short, if we know the Wigner
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function, we have all the mode information needed.

2.5.1 Wigner Function of a Gaussian State

Although a general description, the Wigner function can be simplified for Gaussian
states and shares many properties with a classical Gaussian distribution, such as being
positive everywhere and having a form that is symmetric in phase space. This point is
highly critical as it permits all classical Gaussian calculations to remain true, even as we

quantize the system. The Gaussian Wigner function is defined as:

Wia0) = e o 30— @) 76— ) (2.10)

where N is the number of modes in the system, () is the phase space mean, and ¥ is the

covariance for the desired spatial modes [60, 63, 64, 65].

2.6 Measurement Tool: Covariance Matrix

Decomposing quantum multimodes into individual single states first requires the use
of the covariance matrix summarizes the statistical properties as it permits us to compare
quadrature variance measurements and determine which are correlated with each other.

The concept of a covariance is simply a statistical tool that generalizes the concept
of variances and means. The diagonal elements of the matrix represent the variances of
individual variables (v = 0?), while the off-diagonal elements represent covariances between
pairs of variables (v;,v;). If the correlation of two independent variables is non-zero, there
is some relationship between the variables. In our case, these variables are the q and p
quadrature variances per measurement.

Recall we need the first two moments of the Gaussian state (mean and variance) to
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fully describe its Wigner function (Eq.2.10). However, as we are working with a squeezed
vacuum, the mean is zero which just leaves the variance.

To understand how the covariance matrix is built up, we first start by defining the
expectation value. The first probability moment is known as the expectation value, or
weighted mean, defined as E = (¢) = [ [ ¢P(q, p) dgdp for our quadrature q.

This feeds directly into the second statistical moment, variance (v), which mea-
sures the averaged squared difference from the mean. Variance is defined as v(q) =
E(¢?) — (E(q))? for quadrature q. Experimentally, we make variance measurements under
specialized conditions, discussed in Sec. 5.4.

The covariance of quadratures q and p is defined as the average of the products of the

deviations of each quadrature from its mean, which is zero in our case and is described as

¥(q,p) = // qpP(q, p)dqdp. (2.11)

The covariance takes the experimental form

S = 5 ({0 — (@), G~ (@)} (212

for the j row and k' column of the covariance matrix where & = (Gy, p1, ...Gn, Pn) Tepre-

sents the quadrature operators [65]. Taking into account the mean of our measurements
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are zero, we see the covariance explicitly as

v(q1) c(q, ;) (g, q2) clqi,p2) - (@i, qn) c(qi,Pn)

c(p1, q1) v(p1) c(p1,q2) c(pr,p2) - c(p1,qn) c(p1,pn)

(g2, q1) c(g2,p)  v(ge)  clgesp2) - c(@2:Gn) (G2, Pn)
%= c(p2, 1) c(p2,p1)  c(p2; o) v(p2) oo c(p2,qn)  c(p2,pn) (2.13)

c(qn, 1) (Gn,p1)  (qn,q2) c(qn,p2) oo v(Gn)  c(Gnspn)

c(pnsqi) c(pnp1) (P @2) c(Prsp2) --o c(PnsGn)  v(Pn)

for n modes. Each ¢ off diagonal element takes the general form

2¢(a,b) =v(a+b) —v(a) — v(b) (2.14)

for arbitrary variables a and b. Note the order of the covariance matrix is equally valid for
a reshuffling of the quadratures such as & = (G1, G2, - - - Gny D1, D2y« - -y Pn)-

As our goal is to separate out all independent modes from one another, we anticipate
all off-diagonal covariance elements (c¢) to be zero as there should be no correlation between
q and p quadratures of different measurements. However, this is not the case as any
propagation features that the system may have undergone as we will discuss in Sec. 2.10.

Should the mode not have undergone any propagation transformations, as has been

our assumption thus far, the determinant of the variance and covariance are equivalent

v(q1) 0
as the covariance can be written as > = for one mode. Otherwise, the

0 v(p1)

Q1 Cc\q1, P1
general covariance of a single mode needs to be used, ¥ = (@) ( ) . We will

c(qi,p1)  v(p1)
return to this formalism through a few examples in Ch. 3.
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A key takeaway from this description is that there are only two unknown variables, the
mean and variance (v). These are also known as the first and second statistical moments of
the Gaussian state, respectively. Thus if the first two moments of the Gaussian distribution
are known, the Wigner function is known, and all information about the states is known.

This text focuses on the second Gaussian moment, variance.

2.7 Noiseball

The noiseball, or "ball of uncertainty” as Scully calls it [66], is the cross-section of
the Wigner function. The noiseball is limited in function, but provides a helpful visual
of several specialized states. Quadratures relate to electric field amplitude (|d|), often
referred to as the "stick” of the noiseball and field phase () as shown in Fig. 2.2.

Several examples are shown in Fig. 2.2. In Fig. 2.2a, a noiseball of a thermal state
is shown in orange, a noiseball of a vacuum state is shown in black, and a noiseball of a
squeezed state is shown in blue. Thermal states are statistical mixtures of number states

and will be further discussed in Subsec. 2.8.4

a) v(q) b)

v(p)
> v(p)

./39 v(q)
q q

FIG. 2.2: a) A single thermal noiseball (orange), a single vacuum noiseball (black), and a
squeezed noiseball (blue) projected in phase space onto quadratures q and p. |d| is the dis-
placement (i.e. amplitude) of the squeezed mode. 6 is the noiseball rotation angle compared to
the quadrature q axis (i.e. phase of the electromagnetic wave). b) A squeezed vacuum mode
projected onto quadratures ¢ and p with a smaller q quadrature projection, or variance (v(q))
than p variance (v(p)).
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The vacuum state is centered at the origin and has equal length, or projection, across
quadratures ¢ and p. ¢ can be approximated as the real portion of the electric field while
p is approximated to be the imaginary portion of the electric field. The thermal state has
a similar symmetry to the vacuum state, but is much larger in diameter. We see a non-
circular shape in the squeezed state’s noiseball, which could be described as a ’squished’
or 'pulled’ version of a coherent state (which will be discussed in Subsec. 2.8.1). In our
setup, the squeezed state is still centered at the origin, as is thus a squeezed vacuum state
as shown in Fig. 2.2b. For convenience, the squeezed state is initially shown with some
displacement (|d|) in Fig. 2.2a. Note the difference in length of the cross-sections of v(q)
and v(p) for the squeezed noiseball, a defining feature that permits us to go below shot

noise limits under certain circumstances.

2.8 Types of Gaussian States

2.8.1 Coherent Spatial Mode

Optics commonly uses an approximation of real light states, including coherent states
which are eigenstates of the annihilation operator [9]. Coherent states (|a)) refer to specific
quantum states of light that classical oscillations most closely resemble as they have a well-
defined amplitude and phase relation. In fact, Gerry and Knight call coherent modes “the
'most classical’ quantum states of a harmonic oscillator” [9]. This is shortly summarized
to indicate a coherent mode’s electric field expectation value (Sec. 2.6) has a classical form
and fluctuations are the same as a vacuum state (Subsec. 2.8.2).

Thus we note a |a) = a|a). We recall states |n) from Eq.2.6a, as they form a complete
set, and following the procedure outlined by Gerry and Knight [9], define coherent states

as
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o) = 3o fj = o (215)

where quadrature measurements of the coherent state are equal to the classical shot noise
limit. The coherent state is shown to be at the origin in Fig. 2.2a, and is a special case
known as a vacuum state where the average photon number is zero. We will discuss vacuum
states in the next section. Coherent states are created by applying the displacement

operator, D, onto a vacuum state.
D(a) = exp(aa’ — a*a) (2.16)

where |a) = D(a)|0) yields a coherent state. The distance (d) or displacement of a state

from the origin is shown in Fig. 2.2a’s squeezed noiseball as an example.

2.8.2 Vacuum State

Vacuum states (|0)) are coherent as they maintain the coherent state properties. By
definition, vacuum sits at the quadrature origin, which is not a requirement of coherent

states in general, but permits the simplest covariance form:
Yae =1 = (2.17)

for a single vacuum state. Should the average photon count in the system yield zero, we
still expect a diagonalized covariance.

The vacuum state has the lowest possible energy level that a quantum mechanical
physical system may have, permitting the quantum nature of light to become relevant.

Quantum fluctuations, or vacuum fluctuations, are temporary random changes in the
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amount of energy at a point in space, as dictated by Heisenberg’s uncertainty principle [9)].
These fluctuations mean that pairs of virtual particles are continually created and anni-
hilated, even in "empty” space. While these particles are not directly detectable, their
cumulative effects are observable.

This work primarily focuses on measuring these fluctuations, which we visualize with

the noiseball of the state, as shown in Fig. 2.2.

2.8.3 Squeezed Vacuum State

Coherent states have equal uncertainty in orthogonal cross-section projections, how-
ever, this relationship does not always hold. It is possible to have a state with one
quadrature with less noise than the shot noise limit by depressing the fluctuations in
one quadrature such that ((¢)?) # ((p)?) but Eq. 2.9 still remains true and a squeezed
state is produced.

A squeezed state is generated by the squeezing operator (S)
S(¢) = exp% (¢ra* —a') (2.18)
where we again see the creation (Eq.2.5a) and annihilation (Eq.2.5b) operators and ¢ is
£ =re? (2.19)

where r is squeezing parameter which determines the degree of squeezing, and 6 is the

squeezing angle. The squeezing operator acting on a vacuum state yields

10,€) = S(£)10) (2.20)
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compared to the squeezing operator acting on a displaced vacuum state, or coherent state,

|, &) = D()S(£)[0) (2.21)

which yields a state where |a| is the amplitude and the elliptical uncertainty represents
the noise in the amplitude and phase of the squeezed state.

The average photon count of the squeezed state is expressed as

(o, E|R|ar, €) = |af® + sinh?(r) (2.22)

when the field phase is set to § = 0 for convenience [18]. Note the hyperbolic sinh(r)

s T

function is proportional to €” — e™" where e™" corresponds to ¢ quadrature fluctuations
and e” corresponds to p quadrature fluctuations [18].
Should there be only one single squeezed mode in the system, the expected covariance
takes the form
e’ cos? 0 + e "sin? 0 0
Segs = (2.23)
0 e sin®f + e~ " cos? 0,

where r and 6 are the squeezing parameter and squeezing angle, respectively [65].

2.8.4 Thermal State

We next consider thermal states as they can contaminate the squeezed states we
are interested in. Thermal states are noisier than shot noise, or the noise limit, as they
are a statistical mixture of number states. Thermal states are one of the most common
states encountered in experiments involving light at finite temperatures. Thus, it is highly

likely our system contains thermal states. Due to thermal states’ increased noise, any
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quantum fluctuations are overshadowed. Thermal modes maintain equal uncertainty in
all projection measurements, but they lack the phase stability of coherent modes as they
emit photons with random phases and amplitudes [67].

As a quantum mechanical mixed state, the thermal state can be expressed as a summa-
tion across all possible photon-number states, weighted with their occurrence probability:

P(n) can be explicitly expressed as

exp(—hw/2kgT)
1 — exp(—hw/kgT)

P, = (n|ptn|n) = exp(—FE,/kgT). (2.24)

where kp is the Boltzmann constant, T is the average kinetic energy of the mode’s particles,
w is angular frequency, P(n) is the probability of finding n photons in the i mode of the
thermal state and p is the density matrix operator, which we do not cover in this work
but is thoroughly covered in various quantum optics and mechanics textbooks [9, 3, 68].

From here we can find the average photon number of a thermal mode as

1

exp (%) —1

n = (n) = Tr(npm) = (2.25)

Here we see the photon energy of hw along with the thermal energy components of kgT'. If
the average photon number of a thermal state is zero, we are returned to a vacuum state,
similarly to a coherent state without displacement.

The variance of a thermal state is generally described as

((Anw)®) = (3%) + (7)® (2.26)

where the fluctuations of n are larger than the average n [9, 69]. Thermal modes are

indistinguishable from one another (see Subsec. 3.1) such that we can claim the covariance
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matrix of a single thermal state is:

2nth + 1 0
Y= 02n+1)I = (2.27)
0 2nth +1
where [ is the identity matrix [70]. It should become apparent that even when there is an
absence of photons, or n = 0, the covariance matrix with the presence of thermal modes

cannot be less than 1 as a thermal state covariance matrix is simply the addition of 2n,

to all diagonal terms of a vacuum state [65].

FIG. 2.3: In phase space thermal noiseballs’ (orange) projection measurements are noted with
orange arrows, compared to a squeezed noiseball’s (blue) projection measurement shown with
a red arrow.

Examples of thermal states’ projections are shown in Fig. 2.3. Thermal noiseballs
(orange) are shown at various rotation angles (), but regardless of the rotation, the
projections (orange arrows) are the same. In contrast, a squeezed noiseball (blue) is
shown with a projection measurement (red arrow) at some rotation angle. Note that the
rotation of the squeezed noiseball will change the projection measurement, unlike with the

thermal noiseball.
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2.9 Gaussian State Covariances

Now that we have discussed Gaussian states of interest, the Wigner function, and first

two moments, below are the results of several single states’ first and second moments [70].

Gaussian Mode Covariance Displacement
vacuum =1 d = (0,0)
thermal X =102, +1) d=(0,0)
coherent Y=1 d = v2(Re(d), Im(d))

squeezed vacuum X = . d = (0,0)
0 e

The coherent state is a vacuum state displaced by d, and r in the squeezed state is
the squeezing parameter.

We can also simplify each modes’ Wigner function by plugging in the first two moments
into Eq.2.10. This yields the following Wigner functions for the specialized Gaussian modes

previously discussed [60, 71, 72].

Gaussian Mode Wigner Function
vacuum Wiy (g, p) = %efqupQ
)
thermal Wiy (g, p) = mew
coherent VV|a>(q,p) — le—(q—\/ﬁ\d\cose)Q—(p—\/i|d| sin 0)2
2Im?(d 2Re?(d
squeezed vacuum  Wg(q,p) = %exp {_ — 2(T))w exp [_ exp(7(2 T)J

2.10 Linear Transformations

We are not reconstructing stationary modes in a cavity, contrary to our initial electric
field descriptions, but propagating field modes and measuring them with photo-detection

methods (Sec. 5.2). By following the Heisenberg picture, where the mode observable
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operator, A, is modified by propagation U as

A =UTAU. (2.28)

The general state transformation equation yields symplectic matrices, or matrices that
preserve linear transformations as modes propagate [4]. This does not inherently infer
that the matrix is symplectic, but as we are working in that space, we later will assume
operator A = A’ such that symplectic form is preserved A = UT AU. Mode propagation

through time independent elements can generally be described as

U =eMr/h (2.29)

where H is the interaction Hamiltonian and 7 characterizes the interaction strength. Due to
canonical quantization, the Heisenberg picture is very similar to classical principles and the
annihilation operator a’s equations of motion are the same as the classical electromagnetic
field amplitude d [4]. This highlights the intuition we can have about our spatial modes,
as they maintain Gaussian distributions, and many classical characteristics remain true so
long as we do not extend to higher orders of moments.

An input Gaussian state will remain Gaussian, regardless of the unitary transforma-
tion performed at the lower orders which we are working at. Recall it is a requirement of
quantum mechanics that all transformations be unitary to preserve probability, and thus
be reversible [73].

Experimentally in the lab, we are unable to directly detect the state immediately after
creation, thus we need to account for any changes the state(s) may have undergone during
propagation. Luckily, propagation transformations are well-studied and understood for

Gaussian states [74].
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More so, we can limit propagation to linear transformations as we are limited to phase
shifts, or rotations, (R as in Eq.2.30) and beam splitters (B as in Eq.2.31) in the lab. The
phase shifter rotates the optical phase of an electromagnetic wave. The beam splitter
mixes two states together, though the second state may be vacuum.

Both beam splitters and rotation matrices represent unitary transformations. Unitary
transformations are characterized by their ability to preserve the inner product of vectors
in a Hilbert space, which means they conserve energy and are invertible. Beam splitters,
in particular, are unitary because they ensure that the total energy of the input states is
conserved in the output states. Rotation matrices, which represent rotations in Euclidean
space, are also unitary (or more specifically, orthogonal in the real case) because they
preserve lengths and angles between vectors.

Gaussian states undergoing linear transformations will remain Gaussian [75]. This
preservation comes from a 'free’ Hamiltonian matrix in a continuous variable (CV) sys-
tem [50]. In other words, these transformations preserve energy and are known as 'Passive
Transformations’. Passive transformations, by definition, do not change the photon num-

ber in a state as it propagates through linear optical elements.

1

The rotation matrix generally takes the form R = e/ where J = and 6 is
-1 0
q /
the angle of rotation between the initial state z = and the detected state 2/ =
/
p p

after propagation. We next move from an exponential map to a trigonometric map in
order to generalize phase shift transformations and permit them to be more in line with
what we see in the laboratory optical elements. If we Taylor expand the exponential such
that e/ = J + Jsin(0) + J?(1 — cosf), we can simplify to a trigonometric expression,

shown in Eq. 2.30.
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2.10.1 Experimental Linear Transformations

Transformation matrices are written in the (g1, p1, ..., qn, pn) basis order. Later on
in Section 4.2 we will reshuffle the basis ordering to (qi, ..., Gn,P1,---,pn). But for now
it is easier to build up an intuition when mode components are ordered together. The
rotation transformation (R) of a basis is equivalent to a phase shift of an electric field due

to propagation. In (q,p) quadrature basis, the rotation of state z is described by

q cosf sinf q
- (2.30b)
o —sinf cosf D

where 6 is the angle of rotation between the initial state (z) and the detected state
(z) after propagation, and there is one mode in the system, n = 1. The beam splitter

transformation mixes two modes (n = 2) together such that in (q,p) quadrature basis

2 = By—az (2.31a)

qn=1

pn:l pn=1

(2.31D)

q;:2 qn=2

- Vi-T 0 VT
/ 0
VT
0

0
VT
0
VT 0 —V1=T) \pn=s

where T' is the transmission coefficient of the mixed modes from the beam splitter and

/
pn:Z

the reflection is thus v/1 — T [65]. To preserve energy note, |(1 —T)> + |T|? = 1.
Note the negative off-diagonal term in Eq.2.30 is present as rotation matrices are
orthogonal, meaning their transpose is their inverse (RT = R™'). This ensures the matrix

represents a pure rotation without scaling or mirroring.
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The transmissivity of the beam splitter can also be described by cos?f, and thus the
reflectivity takes the form sin?6, where 6 is the angle of rotation.
We will further discuss these transformation matrices in the next subsection and go

through a few simple examples to build up intuition.

2.10.2 State Transformation Examples

Fig.2.4 shows several simple examples of single and two-mode systems propagating
over some distance in free space. We walk through examples of a single mode undergoing
no rotation (Fig.2.4a), experiencing some change (Fig.2.4b), two non-interacting modes

(Fig.2.4c), and two interacting modes (Fig.2.4d).

a) Single mode b) Single mode with c) Two modes, d) Two modes mixing
disruption noninteracting

— e N
A BX
B/ \B’

Ar

FIG. 2.4: Examples of mode propagation where a) is a single mode (A) traveling some length
(J) and undergoing no path transformation, b) shows a single mode (A) traveling some length
(1) and experiencing some phase change, 6, ¢) shows two non-interacting modes where mode A
does not experience any rotation transformation but mode B does. d) shows two modes mixing
together via a beam splitter transformation (Eq.2.31).

As shown in Figure 2.4a, a single mode (A) propagating through space and not expe-

riencing any disruption undergoes a rotation transformation that does not alter or change

its original form. Thus, the angle between the initial and detected state is § = 0. Plug-

10
ging this into Eq.2.30 results in a matrix of R, = . Note this is essentially the
01

identity matrix. This makes sense as passive transformations should preserve the identity

transformation, which maps a state to itself.
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If instead the single mode (A) experiences some disruption during propagation, as
shown in Fig. 2.4b, we can no longer set § = 0 as some rotation was experienced. Instead,
the transformation is described as Eq. 2.30.

If there is more than one mode present, as is likely to be the case in our experimental
system, we need to examine how these modes interact with one another, if at all. Further
discussion will be provided in Ch. 3. Fig. 2.4c shows two non-interacting modes, A and
B, propagating where mode A does not experience any disruptions (64 = 0), but mode
B does (0 # 0). Where we previously only had a single mode and its two quadrature
measurements, g4 and ps, we now have two modes (A and B) and each of their quadra-
tures, qa, pa, qB, pr, or four quadrature measurements in total. Thus our rotation matrix
will double in size from 2x2 for a single mode, to 4x4. Maintaining a basis ordering of

(qa,pa,qB,pB), the rotation matrix for two non-interacting modes is

10 0 0

01 0 0
R, = . (2.32)

0 0 coslp sinfp

0 0 —sinfg cosfp

As modes A and B are not interacting, cross-diagonals yield zero. It should be straight
forward to see that R, is simply a combination of R, and R;.

We next move to a more complex case of two modes (A and B) that mix together.
This transformation is conducted with a beam splitter, as visualized in Fig. 2.4d where
modes A’ and B’ are the outputs of the process. Mode A’s transmission (T) is present
in output mode B’ and mode A’s reflection (1-T) resides in A’. Input mode B follows the
opposite process where mode B’s transmission is present in A’, but mode B’s reflection

is in B’. This process results in a beam splitter matrix of the form shown in Eq. 2.31.
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We can generalize the mode A and B example such that the first mode is actually our q
quadrature and the second input mode is the p quadrature. Now ¢ = aoutT" + bout(1 — T')
and p = by T + oyt (1 —T) for some coefficients a,,; and by, Again, T is the transmission
and reflectivity is 1 —T" as the sum of transmission and reflection should yield 100% of the
propagation possibilities.

Now that some intuition of transformations has been built, we note that any transfor-
mation our Gaussian states may go through as the states propagate can be broken down

into combinations of rotations and beam splitters.
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CHAPTER 3

Multimode Quantum Gaussian

States

In this chapter, we expand on single Gaussian states by redefining the ¢ and p quadra-
tures used in the Wigner function (Eq. 2.10) to now be arrays ¢ = (q1,42,.-.,¢n) and
p = (p1,p2,---,pn) for n modes. Previously we looked at single mode cases and how they
propagate through space as in Sec. 2.10. However, the problem becomes much more com-
plex as modes not only change as they propagate, but can mix with each other. This is
the crux of the problem we aim to solve - to separate out independent modes from one
another via their squeezing parameters. Ideally, the separated modes can then inform us
how to better modify our measurement system, discussed in Sec. 5.4 [76].

The covariance matrix contains mode information, but in order to obtain this infor-
mation, we need to decompose the covariance into individual modes, as we will discuss in
Ch. 4. To verify our decomposition process, we verify our method via a simulated process,
outlined in Sec. 4.3.

Multimode quantum systems are significantly more difficult to work with and measure
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than single modes, but can be desirable in fields such as optical information multiplex-
ing [77, 78] or imaging [30, 79, 80]. As our system produces multimode states (see Sec. 5.1),
we are further motivated to study multimode systems.

Multimode states involve two or more spatial modes, where optical power is dis-
tributed across several mode patterns. Multimodes are higher-order modes that can be
decomposed into a sum of Gaussian states, specifically a mixture of squeezed vacuums and
thermal states [65]. Unfortunately for us, multiple single vacuum squeezed modes can mix
with one another or be contaminated by thermal modes, and the total measurable amount

of squeezing may be less than what is present in one mode individually.

3.1 Multimode Analogy

Let’s walk through an analogy to build intuition of multimode systems. Generally,
we categorize single modes as either squeezed or contaminating to squeezing modes. Con-
taminating modes are considered to be thermal modes. Each squeezed mode has a unique
squeezing parameter (1) while thermal modes are spatially indistinguishable from one an-

other if they are spatially overlapped.

a) Single modes b) Overlapped modes  ¢) Thermal modes

squeezed t

thermal '

FIG. 3.1: a) Two squeezed modes (blue and red) and three thermal modes (brown). b) The
modes in part a are now overlapped such that area A shows two squeezed modes overlapped,
area B shows one squeezed mode and one thermal mode overlapped, and area C shows the
overlap of two thermal modes. ¢) Four thermal modes.
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Let’s consider a system with two squeezed modes and three thermal modes, all with
arbitrary spatial shapes as displayed in Fig. 3.1a. As the squeezed modes are indistinguish-
able, we give one a squeezing parameter of » = blue and the other of r = red, referring to
the blue triangle and red trapezoid respectively. As thermal modes are only distinguishable
spatially, they are all shown in brown. When none of the modes are spatially overlapped,
each modes’ shape is simple enough to see.

As we look at Fig. 3.1b, we see three areas of overlap: A,B, and C. Area A shows
two squeezed modes overlapped such that there is some interference between the two.
Depending on the orientation of their noiseballs, the total squeezing may be reduced. Area
B shows the overlap of one squeezed mode and one thermal mode. The brown thermal
mode will reduce the total squeezing that the red trapezoid originally may have had. In
area C, we have the overlap of two thermal modes. As thermal modes are indistinguishable,
area C is simply categorized as a thermal mode and maintains its brown color in our
analogy. Unlike two squeezed modes negatively interfering as shown in Fig. 3.2, thermal
modes have an arbitrary mode decomposition as they lack phase-sensitive coherence, or
have a flat phase, as discussed in Subsec. 2.8.1. To expand on this point, it is equally valid
to break up the thermal modes into any shape structures, as shown in Fig. 3.1c.

We will now return to discussing our measurement and post-processing techniques,

focusing on squeezed modes.

3.2 Two Squeezed Vacuum Modes

Two squeezed modes’ noiseballs (Sec. 2.7) are shown in blue and red in Fig. 3.2. The
two squeezed modes are rotated in different directions in phase space (or their fields have
different phases), and the mixed mode noiseball is shown in purple. The final mixed purple

noiseball is significantly less squeezed than either of the original input noiseballs, although
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some squeezing remains in this example.

Squeezed + Squeezed =

-~y

FIG. 3.2: Two single squeezed noiseballs (blue) interfere into a multimode noiseball (purple)

However, we cannot enhance squeezing without furthering experimental techniques
and post processing that separate out the squeezed noiseballs. As each squeezed mode has
its own squeezing parameter, we aim to find single squeezed modes and separate them out
via their unique squeezing parameter (r).

Two squeezed modes produce a covariance matrix of the form:

1, ¢ 0
Ysqer,sqz0 = St (3.1)
0 Tra, (252

where the first quadrant (blue) plugs 71 and ¢; into Eq. 2.23 and the bottom quadrant

(red) plugs 9 and ¢ into Eq. 2.23. The blue and red blocks represent a 2x2 matrix, one per
mode in the system. The off-block-diagonal 2x2 blocks are all 0 in this instance. However,
Eq. 3.1 makes the assumption that neither noiseball of the squeezed state interferes with
the other, which is highly improbable. As there is likely mode mixing occurring, we
introduce a spatial shape sorting, or detection, process that discusses how this noiseball

mixture affects the experimentally measured covariance matrix.
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3.2.1 Spatial Shape Matching Effects

Spatial shape information about single modes in the system can be fed back into the
experiment through a technique discussed in Sec. 5.4 and originally used in [76] to reduce
a mismatch of spatial mode shapes. Thus far we have assumed perfect overlap between
the signal of interest and its reference, which we use for detection as demonstrated by
Fig. 3.3. Further details of this process are discussed in Ch. 5, but we first discuss how
overlap affects our measured covariance matrix.

With the assumption of perfect mode matching in our detection scheme, we essentially
‘mode sort’ the true spatial mode, in this case a square, A (Fig. 3.3a), by a square mode
sorter (Fig. 3.3b) and then measure how well the sorting shape aligned with the true spatial

mode shape (Fig. 3.3c).

a) True spatial mode b) Mode Sorter c) Detector

FIG. 3.3: a) True shape of the single squeezed spatial mode. b) The shape used to measure

the spatial mode, which perfectly aligns to the spatial mode. ¢) The device used to detect

quadratures ¢ and p of the mode sorter

As this is the scheme we have assumed thus far, the covariance of a single squeezed
mode here would take the form of Eq. 2.23. This assumption can be expanded to n modes
with n perfectly overlapped mode sorter shapes. The resulting covariance would result in
a block-diagonal matrix made of n 2x2 blocks where all off-diagonal blocks had elements

of 0, following the structure of Eq. 3.1.

However, it is more likely that our selected mode sorter spatial shape does not perfectly
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a) True spatial mode b) Mode Sorter c) Detector

\. 9a
/‘D<: Pa

FIG. 3.4: a) True shape of the single squeezed spatial mode. b) The shape used to measure
the spatial mode, which does not align to the spatial mode. ¢) The device used to detect
quadratures ¢ and p of the mode sorter

align with the true spatial mode, as demonstrated with Fig. 3.4. Unlike in Fig. 3.3b, here
we are using a triangle shape that does not spatially match the true square mode, A,
shown in Fig. 3.3a. Now that we are attempting to detect ¢ and p of a triangular spatial
shape, our cleanly diagonalized covariance matrix for a single squeezed is no more, and we

must account for off-diagonal terms such that

e"cos?f + e "sin?0  [e™" — €"] cos O sin
iy = (3.2)
[e™" — €] cosfsin® e sin? + e~ cos? b,

where the diagonal elements are the same as our perfectly matched single squeezed mode,
Eq. 3.1, but with additional off-diagonal terms in the block-diagonal. We can again expand
this logic to n modes with no spatial overlap of their mode sorter shape, resulting in a

more intensive covariance matrix.

3.3 One Squeezed Vacuum and One Thermal Mode

In addition to the potential of the squeezing modes negatively interfering with one
another, our system also likely contains contaminating thermal modes, which typically have

larger noiseballs than squeezed vacuum states. Thermal modes may reducing squeezing
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or even eliminate it completely, as illustrated in Fig. 3.5 where a blue noiseball of a
squeezed mode and an orange noiseball of a thermal mode are mixed, resulting in a purple
noiseball of an undefined state. Mixed modes are generally larger and less anisotropic than
the squeezed mode alone. The thermal mode, characterized by a circular noiseball with
radius determined by its mean photon number ny;,, tends to "inflate” the squeezed state’s

noiseball, thereby reducing or even eliminating the observable squeezing.

Squeezed + Thermal

FIG. 3.5: One noiseball of a squeezed state (blue) and one noiseball of a thermal state (orange)
interfere into a multimode noiseball (purple)

The covariance of the mixed squeezed and thermal mode has the diagonal block form

of

- e" cos? O, + e "k sin® 0, + 2ngy, [e™"F — e"k] cos O sin 0 (33
sqz,thy, — .
' e "k — e cosfsin b e sin? 0y, + e~k cos? O, + 2n
k & thy

where the matrix is changed by adding twice the thermal photon average (2n.,, ) to all

diagonal terms of Eq. 3.2 for the k' mode [65]. The mixed covariance state has the form

,01,m1 =0 c(sqz1,ths)
L ¢1,11 (3.4)

C(thza qul) ‘ r9 = 1, QZSQ = 0,nth2

ZSqu,l‘/hz =

where the top left diagonal block (blue) and bottom right diagonal block (orange) take

the form of Eq. 3.4. The squeezed mode parameters (blue box) include some squeezing
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parameter 71, some squeezing angle ¢; and an average photon count of zero (n; = 0). The
thermal mode (orange box) parameters do not have squeezing (ro = 1), do not have a
squeezing angle (¢ = 0), and contain some nonzero average photon number, ny,,. The
off-diagonal 2 x 2 blocks are left in their general covariance form as there is significant

quadrature mixing occurring.
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CHAPTER 4

Decompositions

Once a covariance matrix of the system is measured (X,), we separate out any lin-
ear transformations (C') it may have undergone from its diagonalized form (X;), which
describes independent single modes making up the multimode measurement. To find
Y4, we need to track the change in quadratures, which we will embed into an array as
X, = (q1,P1,92,D2, - - -y Qn, Pn), as they directly tie to the change of detected states u, a
concatenated matrix where each column is one mode. More precisely, v changes a' and a,
while C'is in charge of quadratures. We find that the spatial modes in the quadrature ba-

sis take the form )?n such that we can determine all linear transformations C' experienced

from mode creation to detection as

X =CX. (4.1)

Essentially, finding the reversible linear transforms, C', permits us to find ¥, as

Yq=CT%,C (4.2a)
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Cy,0t =%, (4.2b)

in orthogonal mode basis where Y, is the initially measured covariance matrix, >  is
the diagonalized covariance matrix, and C is some combination of linear transformations
the system underwent while propagating to the detector as described in Sec. 2.10. This
emphasizes that any transformation must be unitary (i.e. reversible). For example, the
modes may have traveled and picked up a phase shift as well as have gone through a
beam splitter where mixing occurred, resulting in ¢' = RB. We are only able to find
spatial modes and squeezing parameters from a diagonalized covariance, rather than the
measured covariance, as phase shifts and mode mixing processes are embedded in ¥, due
to propagation. As ¥, is a measurement we can experimentally perform, we simply need
to identify what linear transformations were undergone. In other words, we decompose to
find matrix C. It is highly unlikely that the system did not undergo any transformation
during propagation from the creation of squeezed light to the detection scheme.

We also note the covariance matrix must still follow Heisenberg’s uncertainty principle
such that there is a lower bound of 0 for all eigenvalues of the covariance matrix [50, 70].
A proof of the matrix inequality condition is provided in [50], but we will continue on with
the result as this positivity condition is used to verify our reconstructions and will be used
later on in Sec. 7.4.

The decomposition of the covariance is done in two parts and is modified from open

source quantum photonic algorithms, Strawberry Fields [70].

4.1 Forward System Propagation

Prior to discussing the decomposition processes, we first generalize how the system

propagates the diagonalized covariance matrix (34) into the covariance matrix we measure
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(3,).
u is the transformation of creation and annihilation operators vector such that the

spatial modes in the system can be concatenated into wug for n modes. wu, forms a

nxn

basis set. Initially u is in a creation and annihilation operator basis defined as A, =
(ai, c.,alay, ... a,). We redefine u to explicitly include its conjugate components, as it

is in a creation and annihilation operator basis such that

Unxn  Onxn

U2n><2n = . (43)

*
Oan unxn

We transform X into quadrature basis, using operator () as defined in Eq. 2.8 as
Co = P2n><2nU2n><2nP2n><2nQ1;1X)7j; (44)

where @), is a diagonalized matrix made of n 2 x 2 () matrices blocks and matrix P reorders

spatial matrix U from (a];, ...,al ay, ..., a,) ordering to (cﬂ;7 ai,...,al, a,), according to
T

the following recipe. Matrix U is ordered as (al,...,al, ai,...,a,) but must be ordered
as (ai, ai,...,al, a,) to continue on in our forward propagation of the spatial modes to a

) n?

covariance matrix. This is done via a 'reordering’ process, or a permutation of the rows
(P.) and permutation of the columns (FP,.) of the matrix U. The row permutation first

accounts for the odd-ordered rows, then even-numbered rows. As an example, if n = 2,

Ureordergnxgn = P2n><2nU2n><2nP2n><2n~ (45&)
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Uy 1 0 Uy 2 0 0 0 U1 U2 0 0
0 Uil 0 UiQ 1 0 U21 U2 0 0
Uz, 1 0 Uz,2 0 0 0 0 0 Uil u’{g

0 U§,1 0 u’2‘72 0 1 0 0 ug’l u§’2

(4.5b)

Once U, corger 1s in quadrature basis, use Eq. 4.4 to find C. As Y, is already measured,

we simply follow Eq. 4.2 to determine the diagonalized covariance, ¥4, a process outlined in
the next section. Note, for our decompositions we need to shuffle Cin (¢, . .

'7qn7p17"'7pn)

order one more time.

4.2 Backwards Propagation

Now we have the measured covariance matrix, >, and a method of determining the
linear transformations that make up C' we find its diagonalized form, ¥, through Eq. 4.2.
This is done in two backwards propagating steps, Williamson Decomposition and Bloch-

Messiah Decomposition.

4.2.1 Williamson Decomposition

We first analyze the covariance matrix in a thermal field basis, known as Williamson
decomposition [51] described as

¥, = SDST (4.6)

where S is a symplectic transformation acting on a state described by the diagonal matrix
D. Contaminating thermal modes can be decomposed from matrix D, which describes
the input thermal modes as D = diag(nm, + L, + 1, ... nun, + L, + 1,0, +

1,...,n4, + 1) where n represents the photon number of the mode of the k™ mode [70].
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Eigenvalues of 1 in matrix D indicate a vacuum state as diagonal elements are equal
to the photon number in the mode plus one. Should no photons be present (v, = 0),
this leaves us with a value of 1 corresponding to vacuum mode inputs. D matrix diagonal
values larger than one indicate some thermal or mixed states. Although matrix D is not
used in squeezed mode reconstruction, its physical requirement of diagonal elements to be
greater than or equal to 1 is a key factor that we use in Sec.7.4.

The S matrix in Eq. 4.6, holds the modes’ squeezing parameters and mixing transfor-
mations, which we separate in the next decomposition step. Matrix S represents the linear
transformations that preserve the form of our Gaussian state, as discussed in Sec. 2.10,
holds the remaining modes and their squeezing parameters. We send .S on to the next step

of our decomposition process.

4.2.2 Bloch Messiah Decomposition

Bloch-Messiah decomposition, uses the matrix S from Williamson decomposition,
which can now be decomposed into orthogonal matrices O; and O, and a diagonal matrix
Z. Oq and Oy are both required in order to maintain unitary transformations, a condition

of quantum operators.

S = 0,20, (4.7)

where O; and Oy matrices are orthogonal matrices that hold the linear transformation
information. This leaves Z, which holds the squeezing parameter information, r, as
Z = diag(e™,...,e™, e ... ,e”") is the set of single mode operations for n modes
with squeezing values (rq,...,7,), respectively. Consequently, e~" terms hold noise sup-
pression information [70]. Note in a perfect vacuum mode, antisqueezing is the inverse of

the squeezing parameter or, %
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Squeezing parameters (7) can now be easily seen and we continue on to find the spatial
mode information from matrix O;. Breaking the matrix up into four quadrants, the top left
of the matrix indicates the real part of the modes (let’s call it A), and the top right of the
matrix indicates the complex part of the modes (let’s call it B). Reconstructed unwrapped
modes of the system are found by U = A +iB where each of matrix U’s columns make up
one reconstructed mode. The mode reshaping will be visualized in Sec. 4.3.

Note O, is not explicitly used, but is still an output requirement to maintain unity.
Matrices O; and Oy are passive Gaussian transformations (Sec. 2.10) and are orthogonal

to one another such that we only need to use one to reconstruct mode shapes.

4.3 Simulation

Prior to utilizing the decomposition method on experimental data, we first demon-
strate the decomposition method with a simulated model. This permits us to check our
backward propagating system buildup compared to how it would forward propagate, as
the experimental setup does.

First, we need to build up a simulated covariance matrix such that it mimics what
we expect to see in the experiment. To do this, we determine the modes, their squeezing
parameters, and the number of pixels (n) used in reconstruction. We demonstrate this
simulation and decomposition method with a single squeezed vacuum mode, whose am-
plitude is shown in Fig. 4.1 over n = 16 pixels, creating a 4 x 4 matrix. For simplicity of
the demonstration, the input mode has a flat phase. The simulated squeezing parameter
is set to r = /0.5 ~ 0.707.

An orthogonal set of modes, which includes our selected modes, are shown as u,—1¢ in
fig. 4.2 where each column is an unwrapped spatial mode. As we only sent in one mode,

we focus only on the first column, boxed in red in fig. 4.2. The other columns complete
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FIG. 4.1: Single simulated input spatial amplitude mode, digitized to 16 pixels.

an orthogonal basis set, but as we left them undefined, they are vacuum modes.

u Forward Propagation
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FIG. 4.2: An orthogonal basis mode set, where the first column is our input single mode.

By following Eq. 4.3, matrix v is expanded to matrix uy as shown in Fig. 4.3. Here,
the first two columns hold our input spatial mode information.
We next transform mode matrix u by q and p quadrature definitions per spatial pixel,

as expressed in Fig. 4.4. From there, we find all linear transformations, C', and create a
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FIG. 4.3: Orthogonal basis modes, ug, where the first two columns are our input single mode.

simulated covariance matrix (Fig. 4.4) via
¥ =Cr,C" (4.8)

where 7, is an array of our inputted squeezing values. r, is the same as X4, if there are no
thermal modes (which is the case of this simulation). The simulated covariance matrix is
now in (g1, qa, - - -, qn, P1, P2, - - - , D) form, a requirement for our back-propagation process,

or decompositions.
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FIG. 4.4: A simulated covariance matrix for the inputted single squeezed mode

o

8

8

48



Now that a covariance matrix is created, we send it through the decomposition
method described in Sec. 4.2. First, using the Williamson Decomposition process, ma-
trix S (Fig. 4.5) shows the symplectic output and is used as the input for Bloch-Messiah
Decomposition. Williamson Decomposition also produces the diagonalized matrix, D, and
is not explicitly shown here as we do not explicitly use it in further squeezed mode recon-
struction steps. D provides information of thermal modes present in the system and is
discussed more in Sec. 7.4.

Williamson Symplectic Matrix
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FIG. 4.5: Williamson symplectic matrix S

w

8

After sending matrix S through Bloch-Messiah Decomposition, we yield matrices O,
(Fig. 4.7), Z (Fig. 4.6), and O, (not shown). Matrix Z is diagonalized and is ordered
from the strongest mode’s antisqueezing level through the weakest mode’s antisqueezing
about halfway through the matrix’s diagonal. Then the order repeats from the strongest
to weakest modes, but instead shows their squeezing levels. Note as we only sent in one
mode, only the first and 17" (n + 1) diagonal elements have non-one values.

It is in this step that we find the squeezing parameter of the spatial mode to be
Z(17,17) = /0.5 = 0.707, which matches our input of 7 = 0.707. As we simulate a

perfectly squeezed mode, we can also find the antisqueezed value of Z(1,1) = V2 =141,
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or % The decompositions always order spatial modes from strongest to weakest. The

other 15 modes are vacuum and have Z diagonal values of 1 indicating no squeezing.

Bloch-Messiah diagonal Z
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FIG. 4.6: Bloch Messiah diagonalized matrix Z
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-

g

Leaving Os behind, we use matrix O; to find the final mode shapes we are after.

Bloch-Messiah O,

FIG. 4.7: Bloch Messiah orthogonal matrix O

However, there is one final reordering step we need to take to reveal the mode shape.
O, is broken up into quadrants where we use the top two quadrants in our reconstruc-
tion [70] as shown in Fig. 4.7. Let’s call the top left quadrant A and the top right quadrant

B. By element summing A and a complex version of B together (A+iB), we return arrays
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of each reconstructed mode, concatenated together in a matrix, u, as shown in Fig. 4.8.
The spatial reconstruction of the one spatial mode we input into the system uses the first
column in A and the first column in ¢B (which is flat due to no phase input), all boxed in

red in Fig. 4.8.

u Backward Propagation
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04
0.6

FIG. 4.8: Concatenated matrix u = A + B where each column is an unwrapped reconstructed
spatial mode.

We see the backwards propagation of u = A + iB in Fig. 4.8, which should match
Fig. 4.2 for any existing modes. Note that this is true for the first columns of the forward
and backwards propagating u, but as the other modes are vacuum, their spatial modes are
random.

The final mode reconstruction amplitude is shown in Fig. 4.9b, which matches Fig. 4.1
and is reprinted here as Fig. 4.9a. This simulation is later used throughout Ch. 7 to better

conceptualize experimental data and results.
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FIG. 4.9: Final mode reconstruction shape’s amplitude and phase.
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CHAPTER 5

Classical Experimental Techniques

We break down the experimental apparatus into multiple parts, as shown in Fig. 5.1:
a squeezing mechanism, reference laser, interferometer made of a local oscillator and
squeezed probe, a local oscillator shaping mechanism, homodyne detection, and lastly
a final mode reconstruction. Each experimental component is further described in the

chapter.

5.1 Squeezer

As we are interested in measuring squeezed light, we first need to create it via some
squeezing process (Fig. 5.1a). Creating squeezed modes involves setting up the correct
atom-light interaction conditions for squeezing to be possible.

Nonlinear optical processes are fundamental to generating squeezed light, as squeezing
inherently requires a nonlinear interaction to redistribute quantum noise between conjugate
variables, such as quadratures q and p. This noise redistribution is what causes the
squeezing as there is now more uncertainty in one cross section than the other, recall
Subsec. 2.8.3. To characterize nonlinear responses, we note the field’s dependence of the
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a) Squeezing Interf .
b) Phase Lock Qs emetey ¢) Homodyne Detection

UPD Refffsré?e[]

FIG. 5.1: Experimental Setup where a) shows the squeezer with rubidium (Rb), b) is the
reference laser used for phase referencing and detected with a photodiode (PD), c) is the inter-
ferometer of the signal and LO using polarizing beam splitters (PBS) and a piezoelectric motor
(PZT), d) is the LO shaping via the Spatial Light Modulator (SLM), e) uses a waveplate (WP)
prior to the homodyne detection scheme, and f) is a final amplitude reconstruction.

dipole moment per unit volume, or polarization, P(t), on the field strength [81]. An electric
dipole is formed in the medium due to the distance between a positively charged nucleus
and a negatively charged electron. Any perturbations of the nucleus are minimal and we
neglect their contributions. We sum the dipole moments from all of the molecules present

into a total polarization value defined as
P(t) = eoxE() (5.1)

where y is the linear electric susceptibility, E is the electric field varying in time, and ¢
is the permittivity of free space. Susceptibility is a dimensionless quantity that defines a
material’s response to an external field, such as the electric field due to the input light.

Susceptibility relates to the index of refraction as

n=+/1+ Re(x) (5.2)
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[82]. Note the imaginary part of x can correspond to an absorption coefficient but we will
maintain x’s complex nature going forward [83, 84]. The change of index of refraction
from susceptibility can cause a rotating effect on elliptically polarized light as two indices
of refraction result as elliptical light is made of unequal strengths of left-handed circularly
(LHC) and right-handed circularly (RHC) polarized light, as discussed in Sec. 2.2 [34].
However, Eq. 5.1 does not account for nonlinear terms that may come about from
larger field interactions. To account for this, we power expand susceptibility present in

Eq. 5.1 beyond first-order terms such that

xE = xWE®) + xPE2(t) + xOE3(t) + - - (5.3)

where we see YV is the linear susceptibility, y(? is the second-order nonlinear susceptibil-
ity, and so on. Our squeezing mechanism depends on x® nonlinear interactions and that
is what we will focus on for the remainder of this text. (Other processes use x? effects
and are discussed in other texts such as [81]).

As the index of refraction is dependent on susceptibility, the index of refraction also
contains nonlinear terms. Overall, nonlinear processes expressed here are known as the
Kerr nonlinearity [81]. This nonlinearity induces an intensity-dependent refractive index,
enabling a strong beam to alter the phase of a weaker beam. The two beams can correspond
to the RHC and LHC polarized light present in an elliptically polarized input beam. The
beams propagate through a medium and are tuned near the resonance of the medium, the
intensity of the stronger beam alters the refractive index experienced by the weaker beam,
leading to a phase shift in the weak beam through the AC Stark shift as shown in Fig. 5.2
in an atomic rubidium system [85].

Through a lambda three-state energy level scheme, large refractive indices can be ob-

tained while maintaining small absorption coefficients [86], a desired effect for our squeezer
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in order to optimize a phase shift of one of the polarized beams, compared to the other
beam. A phase shift is added to a weaker beam (LHC or RHC in our case) via the stronger
second beam (RHC or LHC in our case). The magnitude of the phase shift depends on
both the intensity of the strong beam and the properties of the medium and is known as
cross phase modulation [87]. The rotation is due to some of the strong field’s polarization
direction projecting onto the weaker field’s polarization direction, depending on the phase
between the fields. The output field can then be amplified or attenuated compared to the
weak field by their phase difference. When the field is attenuated, there is a reduction in
the weak field direction, even for weak fields made up only of vacuum fluctuations, as is
our case [34]. Nonlinear interactions take place as long as the two beams physically overlap
in the medium. There is almost a ’breathing’ to the process where the right conditions
yield the right phase, and consequently, self-rotates the ellipticity of the input light by an
angle ¢.

We specifically send linearly polarized light into the medium, rather than elliptical,
and still see a rotation phenomena that leads to squeezing production. The inherent
presence of vacuum fluctuations still introduces an orthogonal polarization to the input
light at times and permits a squeezing effect. When this self-rotation effect occurs, the
vacuum field in the opposite linear polarization can be squeezed when in phase alignment
with the much stronger input linearly polarized beam. The self-rotating of elliptical light
yields the squeezing process used in the experiment, known as polarization self-rotation
(PSR) [32]. Note PSR inherently produces multimode squeezing, which motivated our
previous discussion of multimode states in Ch. 3.

The self-rotation angle ¢ in PSR depends on the initial ellipticity ¢, the self-rotation

parameter g, and the optical path length L, and is given by:

¢ =¢egL (5.4)
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The self-rotation parameter g is dependent on light intensity, the electric field magnitude,
and splitting levels (A) of the excited state as shown in Fig. 5.2 [88]. Essentially, having
g means there is rotation, which means there is squeezing. Thus if the amplitude of RHC
and LHC polarized components of the input beam are equivalent, ¢ = 0 and there is no
rotation.The self-rotation parameter g is not explicitly derived in this text but follows the
process outlined in [88] and is approximated in [18] for atomic rubidium, which is what
we use in the experiment. Predicted levels of squeezing have also been well-studied and
range from 10 dB [88] to 8 dB [34] below shot noise, or classical limits. However, we
experimentally see about 2.5 dB of squeezing, which indicates there is a significant amount
of squeezing lost from the mixing of modes, the ultimate problem we wish to solve.

For completeness, we note how squeezing parameters affect field variance as it is a
parameter we are interested in measuring (Sec. 2.6). The variance of the field is dependent

on both the squeezing parameter g and field angle € such that
A E?
(E.(0,L)%) = ZO (1 —2gLsinfcosd + g°L* cos®6) (5.5)

where F, is the field in the & direction and L is the atom-light interaction path length
[34].

5.1.1 Rubidium

Atomic rubidium (¥Rb) is our medium of choice for several reasons. It is analogous
to a hydrogen atom with only one valence electron. Hydrogen is a well-studied element
in quantum mechanics and is often used in textbooks as a foundational example due to
its simplicity [3, 89]. Although other elements such as cesium and lithium also have one
valence electron, there are lasers that can access rubidium energy level transitions, making

rubidium the preferred element. We also already had rubidium in the lab.
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Experimentally, we use the D1 transition line (A = 795 nm) between the 525/, ground
state and the 52P 5 excited state (Fig. 5.2) in (*”Rb). It has been experimentally shown
that 8Rb can produce more squeezing compared to °Rb [88].

Fig. 5.1a shows a glass cylindrical cell of ' Rb used in the experiment. Several different
atomic cells have been used throughout the experimental process and although various
cell lengths and the presence (or lack of) buffer gases have been used, the cell is always
surrounded by three layers of metal shielding preventing the cell from experiencing any
external fields. The shielding also offers us control over the environmental temperature,

which will be discussed in Subsec. 5.1.2.

le)

5Py, 13) F.=2

LHC / RHC

FIG. 5.2: A rubidium lambda system with two superposition ground states |1) and |2), on the
528 1 line, each have their own energy transition to the excited state |3), on line 52P% . Each
transition is made up of either left-handed circularly polarized light (LHC) or right-handed
circularly polarized light (RHC). The line transitions go from a ground state of hyperfine level
2 to a hyperfine excited state 2 (F, = 2 — F, = 2). There is also splitting of the excited state
from [3) to |e), by some detuning A.

5.1.2 Optimizing Squeezing

Experimentally, there are several interacting parameters we can tune to optimize the
total squeezing in the system, such as the laser detuning, laser power, and atomic density
of the rubidium. Various combinations of the three parameters are further complicated by

other components which often overwhelm squeezing at higher atomic densities. We next
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discuss the optimization of detuning, laser power, and atomic density of the squeezing
operation.

From historical trial and error, the best squeezing in our system is found when the
laser is a bit red detuned of the F' = 2 — F’ = 2 transition of the D1 line of rubidium, in
the valley as shown by the arrow in Fig. 5.3. The valley is approximately 100 M Hz wide.
The FF = 2 — F’ = 1 transition can also produce squeezing, though in our setup it was

historically found to yield less squeezing [90].

161 q

Transmission (arb. units)

-1 0 1 2 3 4 5 6 7 8 9
Detuning (GHz)

FIG. 4.2: D, line absorption resonances of **Rb and *"Rb shown with saturation spectroscopy.
The transitions are labeled Fy — F,.

FIG. 5.3: Resonances of rubidium. Optimized squeezing levels are found when the laser is
parked in the valley just to the left of the F' = 2 — F’ = 2 transition, as pointed out by the
bold red arrow. Reprinted from Horrom Dissertation 2013 [1].

At low laser intensities, the self-rotation angle ¢ grows proportionally with laser power,
following Eq. 5.4, where g scales with intensity [37]. There is a point where intensity-
dependent noise overwhelms quantum correlations at all intensities. Power broadening also
smears spectral features, reducing squeezing by overlapping nearby transitions. Through
experimental optimization, squeezing is maximized when 12 mW of power is sent through
the rubidium cell, see Fig. 5.4 for the experimental results of total squeezing levels versus

laser power sent into the rubidium cell. Laser power optimization data was taken while
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the cell temperature was set to 65°, the historical ideal temperature setting [18].

There are only 18 mW to send through the interferometer (Fig. 5.1¢) in total, leaving
6 mW to use for all LO operations, a problem that will come up in Ch. 7. As squeezing
production must take priority, we leave low LO power levels as a concern to address later

on.

Squeezing at Different Input Powers
1.4 : :

Squeezing (dB)

0.6 : L
5 10 15 20

Input Power (mW)

FIG. 5.4: Decibels of squeezing at various input power levels.

We can also vary the temperature of the rubidium cell to control vapor density [91].
Generally, the more atoms in the system, the stronger the interaction. However, there is
a threshold where parasitic effects start to dominate at higher atomic densities [1].

Ideally, all squeezing optimization parameters can be locked at their ideal settings.
However, laser detuning can drift out of the valley near F' = 2 — F’ = 2 by tens of

MHz over the course of several hours. Through experience, the laser can stay parked in
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its set spot anywhere from 2 hours to 24 hours, depending on weather, humidity, and
general kinetic motion of the students surrounding the laser, to name a few parameters.
Additionally, the 12 mW laser power entering the cell is not locked. Optical elements
between the laser and cell, such as polarizing beam splitters, a fiber to clean up beam shape,
and various waveplates will affect the total power reaching the cell. Cell power is checked
daily, but does not have an independent stabilization mechanism. Lastly, the temperature
of the cell is the only parameter that has its own stabilization control. Through a feedback
loop, a temperature setpoint is selected and remains steady so long as the setpoint does
not change.

As only temperature can be stabilized, laser power into the cell and laser detuning
remain will slightly vary between data collection runs, though they remain steady over a
few hours, if not days. A laser lock would rectify the detuning drifts, but we are already
power starved due to how much power needs to be sent to the squeezer. There is little
power left for additional processes, such as a lock. The lack of stability of several squeezing

optimization parameters does affect the reproducibility of the data sets, as later discussed

in Ch. 7.

5.2 Detection Scheme

Nearly all optical observable measurements depend on photodetection. This includes
our own, in which we utilize homodyne detection (Fig. 5.1e), a common measurement
method in quantum optics due to its robust phase measurement abilities. Homodyning is a
phase sensitive measurement scheme which permits the differentiation between quadratures
through the addition of a local oscillator (LO) [4]. The LO and squeezed signal of interest
come from the same lasing source to maintain phase stability in order to adequately provide

a phase reference to distinguish between quadratures. The signal and LO additionally have
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the same frequency, a condition of homodyning. To create a balanced homodyning process,
we send the LO and signal through different arms of an interferometric setup, as seen in
Fig. 5.1c where they travel through the same optical elements and have the same path
length, aside from the field shaping the LO undergoes in Fig. 5.1d. LO field shaping will
be discussed in Sec. 5.4.

Each beam’s mean field can be classically described as (arzo) for the local oscillator
and the signal field as (a;,). We account for fluctuations of the fields with quadratures ¢

and p such that the total field behavior is described as

aSig(t) = g + Qsig + ipsig (56a)

aro(t) = laro + qro + iprole’e. (5.6b)

where €20 indicates the phase difference between the LO and probing signal beam such
that the homodyning process measures the variance of the fluctuations under this projec-
tion angle [4]. Experimentally, we sweep the relative phase between the signal and local
oscillator by adjusting the path length of the signal arm with a piezoelectric transducer
(PZT), as shown in Fig. 5.1c. This allows us to rotate the signal’s noise distribution in
phase space and measure all possible quadrature projections. Without the PZT, we would
only detect a single, arbitrary quadrature, and interference fringes would not appear. By
mounting the PZT in the signal arm, we achieve precise phase control, enabling complete
phase-space characterization.

In our case, the LO is much stronger than the signal field (a%, >> agig) as the LO
is used to amplify the weak squeezed signal. Our signal is made of vacuum fluctuations,
which are too small to be directly detected. Mixing the squeezed signal with a stronger

LO via a 50/50 beam splitter (Fig. 5.1c) amplifies the signal such that it is measurable

with modern detectors. We use two photodiodes as our detectors in the homodyning setup
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(Fig. 5.1d) where each detector sees

apr = V/1/2a10(t) + /1/204g(1) (5.7a)
apy = V/1/2a10(t) = V/1/204iy (t). (5.7b)

which follows standard beam splitter procedures as outlined in [4]. As photo-currents from
the two detectors are proportional to |ap1o|? (and by neglecting high-order terms, small

values, etc) we can obtain more meaningful photo-currents of

lapio]? = %[|CYL0|2 + 2000q10(t) £ 210 (Psig(t) cos(dro) + ipsig(t) sin(oro))]  (5.8)

where q and p are the quadrature operators in phase space. The two detector signals can

then be subtracted from one another to yield a differential current of

i—(t) = |ap|® — |apa|” & 2a10(gsig(t) cos(dro) + ipsig(t) sin(dro)). (5.9)

where we see the current scaling with the LO amplitude while LO fluctuations are sup-

2
sig

pressed. The LO is much stronger than the signal field (a?, >> o2 ), so when the signal
and LO are mixed together via a 50/50 beam splitter, each photo diode’s current measure-
ment encodes the quadrature information. The squeezed signal (a;,) and LO fields’ (az0)
output photocurrent difference is proportional to the quadrature operators as described

by the variance:
A2 = (i(1)%) — (i(1)? ~ 402 o (A (t) cos® (dro) + Ap?(t) sin(ér0)) (5.10)

The current variance (i.e. noise) follows the variance of the q and p quadratures amplified

by the LO (more details in Sec. 5.4). For coherent states, such as the LO, the detectors
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see a photocurrent variance around shot noise, or zero fluctuations, where squeezed states
will yield detector measurements of reduced noise in one quadrature. Using the PZT, the
phase between the LO and squeezed signal is modified such that the minimum variance
(squeezed quadrature), maximum variance (antisqueezed quadrature), and variances in

between can all be measured.

5.3 Phase Reference of the Local Oscillator

A local oscillator (LO) is used to strategically select the squeezed signal and is shown
in Fig. 5.1d. However, as various modifications are made to the LO (for further details see
Sec. 5.4) it becomes important to know what the initial LO phase was in order to know
what the modified LLO phase is by eliminating any environmental contaminants. Thus, we
introduce a second laser to use as a reference beam for the LO, as shown in 5.1b. As this
reference beam does not experience any of the modifications placed on the LO, its phase
remains the same as the initial LO phase and is considered a phase-locking mechanism. The
reference and LO counter-propagate through the same arm of an interferometer (Fig. 5.1¢)
and experience optical elements in the same manner, except for one exception - the spatial
light modulator (SLM) as shown in Fig. 5.1d. The SLM does the LO modifications and
is further discussed in Sec. 5.4. The SLM is sensitive only to horizontal polarizations and
acts as a mirror on any incoming vertical polarizations. We set the LO to be horizontally
polarized when it interacts with the SLM while ensuring the reference beam is vertically
polarized and is not altered by any SLM modifications. Both LO and reference are detected

and the phase difference between them yields the true phase from the SLM modification.
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5.4 Shaping the Local Oscillator

We continue discussions of the local oscillator and leave details of the use of the signal
beam to Sec. 5.2. The local oscillator highlights the signal beam where the two beams
overlap, a classical and well-studied process [76, 92]. The spatial overlap (O) of the LO

field (uro) and signal field (ugy) is generally described as

O:/(ufousig) dA (5.11)
A

over some area of detection A [18]. By controlling the overlap, we determine how we
interact and measure a particular mode of the signal beam. The differential homodyne
signal (Eq. 5.10) comes from the overlap of the signal with each masked LO. Essentially,
shaping the LO controls how we interact with a particular mode in the signal. In our
case, this interaction means we are measuring the quadrature projection in the overlap of
a particular mode shape.

Many texts start with the assumption that the LO and signal beam are perfectly
overlapped and in the same spatial mode, permitting an optimal detection scheme. How-
ever, perfect overlap of the LO and signals’ spatial modes is experimentally unlikely and
certainly untrue in our case, even in the best of times.

We strategically spatially modify the LO since we cannot well overlap with every
mode. The idea can first be easily visualized by breaking the spatial area of the LO into
smaller pixel sizes. By turning the pixels "on” one at a time, we can measure the variance
of the quadrature projection in that particular pixel, as illustrated in Fig. 5.5. Each pixel’s

measurement is combined to create a covariance matrix (Sec. 2.6).
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Masked LO

FIG. 5.5: A large local oscillator is masked with a single "on” pixel (blue), used to highlight a
smaller and weaker signal beam (orange)

5.4.1 Single Pixel Imaging

Single-pixel imaging (SPI) is a technique that reconstructs images by measuring the
intensity of light from a scene with a single-pixel detector, using a sequence of structured
illumination patterns and computational algorithms. SPI is an established method for
amplitude-based image reconstruction [93].

In conventional single-pixel imaging (SPI) systems, structured detection forms the core
methodology: a light source illuminates a scene, and reflected light is collected through
spatial basis patterns H; before being measured as intensity weights w; with a photodi-
ode [93]. Scene reconstruction follows the linear combination Image = ¥;w; H;, effectively
mapping intensity pixel by pixel.

In our work, we extend this framework by implementing single-pixel homodyne imag-
ing, which merges the structured detection strategy of SPI with the phase-sensitive mea-
surement capabilities of homodyne detection. This hybrid approach eliminates the depen-
dence on uniform reference fields and enables the reconstruction of arbitrary spatial modes,
including both amplitude and phase information. The number of required measurements

scales with the square of the image resolution, that is, n? for an n-pixel image. As we will
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discuss further in Ch. 7, practical implementations may require even more measurements,

highlighting the importance of optimizing experimental protocols.

5.4.2 Masking of the Local Oscillator

Any sampling basis can be used for classical field profile recovery. We select to use
Hadamard matrices as our sampling basis as Hadamard matrices experimentally permit
at least 50% of the laser power to diffract into the 0* order of the SLM grating. In a
raster scan, only one pixel at a time is used, significantly reducing the laser power that
reaches our detector. Later on, we will need to follow a raster sampling procedure and
the limitations will be discussed in Ch. 7. For now we continue with applying Hadamard
masks to the LO.

Hadamard matrices are square matrices whose rows are mutually orthogonal. The
elements of the matrix are =1 such that each column can be reshaped into a mask that we
then apply to the LO. Note experimentally we cannot produce a —1 mask and instead take
two mask measurements, one of the +1 mask components and one of the —1 components,
and then take the difference [18, 2, 65].Although in theory we only need n* measurements
for an n-pixel image, in practice we take 2n? Hadamard measurements.

As an example, this two mask measurement process is demonstrated as:

Masky,, — Mask,,, = Hadamard,, (5.12a)
10 01 1 -1

- — (5.12h)
01 10 -1 1

for the m* Hadamard mask and is done for M Hadamards. Through this process, we use

at least half of the laser power (noted by the 1 elements), unlike in a raster scan where
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one pixel at a time is used.

5.4.3 Spatial Light Modulator (SLM)

As the signal mode shape is unknown, we strategically select the spatial modifications
placed onto the LO to be specialized bases sets to highlight the squeezed signal. Exper-
imentally this is done with a Meadowlark Spatial Light Modulator (SLM) as shown in
Fig. 5.1d such that the phase wavefront of the incoming LO is strategically modified. The
SLM is a birefringent liquid crystal (LC) optoelectronic device that controls light prop-
erties across a beam’s profile. The modulation patterns we apply to the LO are called
masks. Specialized masks are applied to the LO via a phase blazed grating across the
beam, which results in parts of the beam being deflected away from our detection path, or
different diffraction orders. Adding a mask to the LO changes the LO’s overlap with the
squeezing signal, and thus modifies the noise variance measurement we make.

The SLM does not directly control the amplitude of the wavefront, only the phase.
However, we require both amplitude and phase control of the LO to properly highlight
the squeezed signal, as discussed in Subsec. 5.4.2. We use diffraction techniques to modify
amplitude. Following the procedure outlined in [94], we are able to apply an equivalent of
a phase and amplitude mask to the LO. Essentially, we encode the amplitude and phase
of an optical field into a phase-only input, permitting exact control of spatial transverse
fields. We use a grating pattern, whose diffraction efficiency is modified depending on the
phase depth of the applied mask.

We define an optical field by two independent functions, one for the amplitude profile
and one for the phase distribution, such that each function can be decomposed into their
plane wave components. FEach field then undergoes a Fourier transformation such that the

amplitude’s function acts as varying phase delays to the SLM output [94].
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The surface of the SLM is broken up into 512 x 512 pixels, theoretically limiting the
resolution of our reconstructions. As we are using bases sets of masks, the number of
modes we can reconstruct is equal to the number of pixels, which, although seems like it
should be 5122, is much less. The blazed grating pattern uses multiple pixels per grating,
significantly reducing the super-pixel count available for reconstructions. For example, a
blazed grating made of 5 x 5 pixels will result in a 102 x 102 super-pixel region. We will
later discuss additional experimental limiting factors to the number of modes we are able
to reconstruct in Ch. 7.

Although the SLM is not our limiting factor when it comes to the amount of modes
reconstructed, it does have a larger effect on the data acquisition time. It takes the SLM
about 0.4 seconds to fully update its mask. Fig. 5.6 shows the response time of the SLM
as it changes from one mask to another and shown in the blue curve. We are utilizing the
0" order diffraction grating so an ”off” pixel simply means all of the light is sent away
from the 0" diffraction order to other orders while an ”on” pixel means all the light is

reflected into the 0 order.
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FIG. 5.6: SLM response time as a new mask is applied. Adapted with permission from Nic
DeStefano, 2025
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Note there is still some signal in the "all off”, or dark mask. This is due to the
diffraction order we are using, 0" as there is some ”bleed through” where some ”off”
pixels still reflect some light into the 0** order. The 1 order diffraction is actually more
efficient as there is no ”"bleed through” from any ”off” pixels and is typically the order
used in experimental procedures [94, 95]. However, most of the incoming light intensity
diffracts into the 0" order, compared to the 1% orders and beyond. As noted before, the
LO is very power-starved so we must use the order with more intensity, the 0*. The SLM

is calibrated such that the 0** order responds appropriately.
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CHAPTER 6

Classical Field and Image

Reconstruction

This chapter is based on a previously published paper [2].

We verify our reconstruction method by first imaging classical objects. As the objects
are originally known, we are able to easily certify their reconstructions. By collecting the
overlap values of each SLM Hadamard basis mask, as shown in Fig. 7.1, we find the full
wavefront product described as, S = uj yusy. The overlap of the LO and the signal probe

per each Hadamard mask is described as

O = Y ujo(n)tsn(n)Hn(n) (6.1)

for n pixels. When the masked LO has a strong overlap with the input field, the differential
signal will increase, as shown in Eq. 5.10 [96]. Experimentally, we sweep through all LO

phases and fit the measured differential current with a generalized cosine function:

ia(¢m) = [Om|cos(wpzr + om) (6.2)

71



for M total masks where w is the frequency of the PZT sweep, 5 Hz. As in single pixel

imaging, full wavefront is reconstructed as

§() = 12 D 10l H(p). (63

where p is the pixel of the Hadamard mask, H,, is the Hadamard mode, O,, is the overlap
between the LO and probe field, and A¢,, is the relative phase of the shaped LO and
probe field [2].

As discussed in our publication, [2], this reconstruction method is compatible with
compressive sensing techniques which would reduce the number of mask variance mea-
surements we would need in total, as masks that would minimally contribute to the final
reconstruction are simply skipped, leaving only heavily weighted measurements [97, 98,
99, 100, 101] .

While working with classical objects that are manually inserted into the signal beam,
we need to account for background transmissions and our reconstructions are made of
the ratio of the classical object’s transmissions and the transmissions of the empty beam

profile as

T(p) = : (6.4)

The resolution of minute variations in complex transmission systems faces inherent
limitations rooted in the noise characteristics of differential photocurrents, as quantified by
Eq. (4). Under ideal conditions using coherent-state laser fields, shot noise from the probe
beam dictates the fundamental noise floor, which scales inversely with the square root
of the detected photon count. While this relationship suggests sensitivity improvements
through increased probe beam intensity, real-world systems encounter practical constraints

that often dominate performance. Phase fluctuations and intensity instabilities in laser
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sources frequently exceed theoretical shot noise levels, creating operational limits that
cannot be overcome through brightness enhancement alone.

Measurement accuracy further depends critically on the stability of local oscillator
(LO) parameters, as probe beam characteristics are intrinsically referenced against this
benchmark. Any drift or instability in the LO directly propagates through the measure-
ment chain, introducing systematic errors that compromise precision.

Spatial reconstruction capabilities face separate constraints tied to optical system per-
formance. Imperfections in Hadamard mask implementations combine with unavoidable
diffraction effects in imaging optics to establish ultimate limits on reconstruction fidelity.
These dual challenges, noise related detection limits and optical system imperfections, col-
lectively define the practical boundaries of achievable resolution in complex transmission
measurements.

To demonstrate the phase sensitivity of our method, we choose to reconstruct several
transparent objects with variable optical depths (see Fig. 6.1). The background of each
object reconstruction is removed by dividing out an empty beam profile from the object,
resulting in phase and amplitude transmission profiles (Eq. 6.4). For visual convenience,
the dark pixels, or edge pixels are not included due to their high level of noise. Instead,
the boundary of illuminated pixels are simply cropped out.

The top row of Fig. 6.1 shows experimentally reconstructed images of a dried drop of
hand sanitizer on a glass plate after the water has evaporated. Fig. 6.1a shows a camera
reference of the sanitizer object, Fig. 6.1d shows our phase reconstruction, and Fig. 6.1g
shows our amplitude reconstruction. The camera and amplitude reconstruction look fairly
similar to one another, as expected. The phase reconstruction of the sanitizer drop also
shows the boundary of the drop, but begins to highlight the more uniform center of the
drop, compared to the nosier pixels that were just reconstructing the surface of the glass
plate. The surface difference is not as apparent with just the camera.
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FIG. 6.1: a) The camera reference of a dried discoid of hand sanitizer on a glass plate. b) The
camera reference of an optical vortex. The inlay shows a 3D cartoon of the vortex’s different
sectors of depth. c¢) The camera reference of a translucent bug wing, The inlay shows the bug
wing’s image taken with a standard microscope. d) The phase reconstruction of the discoid. e)
The phase reconstruction of the vortex. f) The phase reconstruction of the bug wing. g) The
amplitude reconstruction of the discoid. h) The amplitude reconstruction of the vortex. k) The
amplitude reconstruction of the bug wing
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The middle row of Fig. 6.1 shows experimentally reconstructed images of an optical
vortex mask which is a glass plate with sector-wise variable thickness spanning 850nm
(Fig. 6.1(e,h)). The inlay of Fig. 6.1b shows a cartoon example of a side view of a vortex
where it becomes clear each sector has a different thickness. In our phase transmission
reconstruction (Fig. 6.1e), we observe clear phase steps corresponding to the sectors of
the phase plate. Notice that no such information is available in the direct camera image
(Fig. 6.1b), which is sensitive only to changes in intensity. As expected, the amplitude
transmission reconstruction shows a flat profile with an approximate transmission of 1
(Fig. 6.1h). Due to the noise around the edges of the beam, the maximum transmission is
scaled larger than 1.

The bottom row of Fig. 6.1 shows c) a camera image of a bug wing with an inlay
of a microscopic image of the wing, f) the wing’s phase reconstruction, and k) the wing’s
amplitude reconstruction. Although most of the detail of the wing, such as the veins,
is present in the camera and amplitude images, the phase reconstruction is included for
completeness.

To evaluate the depth resolution of our phase transmission reconstructions in a qual-
itative manner, we take multiple data sets of the drop of sanitizer as shown in Fig. 6.2.
A Bruker Dektak Surface Profiler employs a diamond-tip stylus to scan the surface of the
discoid, measuring height variations between the ridge boundaries and revealing a crater-
like depth profile in Fig. 6.2b. Fig. 6.2a shows the path of the diamond-tip which produces
a cross section with a vertical resolution of 0.1 nm. The Bruker Profiler operates with a 2
pm stylus tip and 3 mg force, completing 2 mm scans in 20 seconds as part of its standard
protocol. Multiple reconstructions of the phase transmission (Fig. 6.2c) are performed,
with a corresponding cross-sectional profile (Fig. 6.2d) extracted across the crater-shaped
morphology. Variability in the phase transmission reconstruction stems from the statisti-
cal analysis of repeated runs. Despite slight differences in cross-sectional comparisons of
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the microscope image and reconstructed phase, the overall discoid geometry and boundary
positions remain consistent [2].

Based on multiple data sets of discoid phase reconstruction (Fig. 6.1c¢) the experi-
mental phase reconstruction uncertainty is +0.02 radians in the center of the image where
the LO is strongest. We can reconstruct the amplitude of transmission with a statistical
uncertainty of +0.01. We achieve spatial reconstructions at a resolution of 64 x 64 pixels,
where each pixel corresponds to a physical dimension of 26 + 2um [2].

As we have now successfully reconstructed known classical objects, we next move on

to our object of interest - squeezed light.
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FIG. 6.2: a) A HIROX microscope system image of the discoid, after the alcohol evaporated,
taken in mid-range at x140 (field of view is 2169.05um with a resolution of 1.13 wm). The
horizontal dashed red line indicates the approximate b) cross-section taken with a Bruker Dektak
Surface Profiler. The vertical uncertainty is 0.1 nm. ¢) The phase profile of the discoid outlines
the ridge and crater-like shape that is physically present. d) A similar cross-section of our phase
reconstruction is qualitatively compared to the Bruker Dektak Profiler cross-section. The edges
have a larger uncertainty, which is attributed to the minimal light at the edges of the beam as
the signal-to-noise ratio decreases. Reprinted with permission from Cuozzo et al., Wave-front
reconstruction via single-pixel homodyne imaging, Opt. Express 30, 37938 (2022). (© Optica
Publishing Group.
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CHAPTER 7

Quantum Mode Reconstructions

We expand on the experimental outline of Ch. 5 and reconstruct quantum modes
rather than classical objects. First we demonstrate reconstructions with the assumption
that there is one single mode and one contaminating thermal mode. From there, we gener-
alize our reconstruction scheme to account for any potential modes. Lastly, we characterize

the general scheme and verify acceptable noise levels of the experimental system.

7.1 Two Mode Assumption

This section is based on the published paper [65].

Using the same experimental setup in Ch. 5, we make the initial assumption that
there is one single squeezed mode and one single thermal mode present in our system.
The mode assumption permits us to make mathematical simplifications such that >, = >,

where the off-diagonal elements of the measured covariance matrix (¥,) are zero.
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The overlap (Eq. 5.11) relates to the spatial mode shapes as

O = / io(@, y)ur(z, y) Hu (@, y)dady (7.1)
Aq

where A, is the detector area, uj,(z,y) is the local oscillator field, ug(z,y) is the signal
field, and H,,(x,y) is the m'™ Hadamard mask.
The single squeezed and single thermal mode covariance matrix takes the form shown

in Eq. 3.4. This can be generalized as

diag(3(0))m = 1+ |Om,, [* (Vs — 1)+ (7.2)

+ |Osq | (v co8*(0 — 0,,,) + v sin?(0 — 6,,,) — 1)

where we identify v as the maximum variance and v~ as the minimum variance of mask
m as shown in Fig. 7.1 for various masks where fits are done with Eq. 6.2. This makes
the assumption that the mixed noiseball we measure is oriented as the inlay of Fig. 7.1,
or has a rotation angle § = 0. With the assumption that each measurement aligns the
noiseball as so, we measure the maximum variance, minimum variance, and track 6, per
each Hadamard mask.

The overlap of the squeezed mode can be determined as

Ogqp X €0V V- (7.3)

If we assume that the thermal mode is much noisier than shot noise (vy, > 1), and

consequently, the thermal mode variance is much larger than squeezed quadrature variance
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(vgr, > v7), we can approximate

O, P =V, (7.4)

m

such that the thermal mode reconstruction is not dependent on 6.
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FIG. 7.1: Quadrature variance traces for a single pixel mask (black), another single pixel mask
(dark blue), a two pixel mask (light blue), and a two pixel mask with a phase shift between the
pixels (red). Each trace’s maximum and minimum variances are noted with squares.

7.1.1 Single Mode Reconstructions

We use Eq. 7.3 to reconstruct the shaped squeezed field amplitude and phase (Fig. 7.2a,b
and Fig. 7.3a,b) and Eq. 7.4 to reconstruct the thermal field (Fig. 7.2¢ and Fig. 7.2¢).

The last column of Fig. 7.2 and Fig. 7.3 shows the classical reconstruction [2] using
a small leakage of the classical LO field into the squeezing polarization due to the limited

extinction ratio of the polarizing beam displacer. At lower temperatures, corresponding to
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reduced atomic density and weaker nonlinear effects responsible for squeezing and output
mode structure [102], the reconstruction at 65°C (Fig. 7.2) reveals a distinct fundamental
Gaussian beam shape in both classical (Fig. 7.2d,e) and quantum (Fig. 7.2a,b) reconstruc-
tions. This aligns with expectations, as squeezing occurs in a mode closely resembling the
LO used to pump the squeezer [103, 104, 105, 102, 106]. At 65°C, -2.0 dB of squeezing
(noise suppression relative to shot noise) is observed directly from the Rb cell. Optical
losses in polarizers and SLM reflections reduce this to -0.5 dB at the detector, while 5.7 dB
of antisqueezing suggests thermal noise influence. Though the thermal mode’s spatial pro-
file remains unpredictable, its overlap with the squeezed vacuum is inferred from noise
degradation [105, 102], a hypothesis supported by measured thermal mode profiles.

Increasing the Rb cell temperature to 80°C enhances atomic density but eliminates
measurable squeezing. The minimum noise rises to 2.7 dB above shot noise due to thermal
mode dominance, while maximum noise reaches 11.5 dB after imaging optics. Spatial mode
changes become evident in both classical and quantum reconstructions (Fig. 7.3). The
classical overlap reconstruction (Fig. 7.3e) develops an additional "ring,” likely from laser
self-defocusing in hotter vapor. Quantum reconstructions (Fig. 7.3a,b) display modified
Gaussians with digital "boxiness” artifacts sensitive to post-processing phase choices. The
phase-independent thermal mode reconstruction (Fig. 7.3¢) exhibits a two-lobe structure,
faintly visible even at 65°C (Fig. 7.2c).

The reconstructed field magnitudes correlate with input squeezing and thermal vari-
ances, as Eqs. 7.3 and 7.4 omit normalization by v/V+ —V— and V;;,. This reveals that
higher atomic densities generate noisier fields with greater input variance, consistent with

the observed temperature-dependent noise escalation.
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A low temperature reconstruction (65°C) where a) is the amplitude of the shaped
squeezed field b) is the squeezed phase ¢) is the amplitude of the shaped thermal field and d)
and e) are the amplitude of the shaped classical field and phase reconstructions respectively.
Classical field images (recovered with methods described in [2]) are included to provide compar-
ison. Phase colorbars are in radians. Quantum fields amplitude colorbars are proportional to
the square root of quantum noise variance. Reproduced from C. Gabaldon et al., AVS Quantum

Sci. 5, 025005 (2023), with the permission of AIP Publishing
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FIG. 7.3: A high temperature reconstruction (80°C) where a) is the amplitude of the shaped
squeezed field b) is the squeezed phase ¢) is the amplitude of the shaped thermal field and d)
and e) are the amplitude of the shaped classical field and phase reconstructions respectively.
Classical field images (recovered with methods described in [2]) are included to provide com-
parison. Note the thermal shape difference (¢) compared to Fig. 7.2c. Phase colorbars are in
radians. Quantum fields amplitude colorbars are proportional to the square root of quantum
noise variance. Reproduced from C. Gabaldon et al., AVS Quantum Sci. 5, 025005 (2023), with
the permission of AIP Publishing

7.1.2 Thermal Field Reconstruction Comparisons

This last topic of Sec. 7.1 builds upon the published paper [65], although it was not
included in the published version.

We additionally verify that we are able to reconstruct the thermal field amplitude
under various experimental settings in Fig. 7.5. By increasing atomic density via changing
the surrounding temperature of the rubidium cell, we expect antisqueezing to exponentially
dominate the system, as shown in Fig. 7.4. In our system, the red circled region of Fig. 7.4
finds the most squeezing at 65°C'.

We first show the amplitude of the thermal field under experimental conditions that

best produce squeezing, 65°C'. As temperature is increased in Figs. 7.5b-g we see the
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FIG. 7.4: Levels of squeezing and antisqueezing at varying temperatures Adapted from ”Fx-
perimental Generation and Manipulation of Quantum Squeezed Vacuum via Polarization Self-
Rotation in Rb Vapor,” by Travis S. Horrom, College of William and Mary, 2013 [1]

expansion of the thermal field amplitude (note the different colorbar limits) until a two-
lobe shape appears in Fig. 7.5h at 80°C'. Some change was expected at higher temperatures
as antisqueezing values exponentially dominate at higher atomic densities. The two-lobe

thermal field amplitude is stressed even more in the 80°C' reconstruction shown in Fig. 7.5i.

Shaped Thermal Fields

a) 65°C b' 67°C Q C% 69°C d) 71°C

e) 75°C f) 77°C g) 79°C h) 80°C 1) 90°C

FIG. 7.5: Reconstructions of the amplitudes of the thermal field done at temperatures a) 65°C,
b) 67°C, ¢) 69°C, d) 71°C, e) 75°C, f) 77°C, g) 79°C, h) 80°C, and i) 90°C.
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7.2 Generalized Quadrature LO Masking

If we avoid presuming specific individual modes within the system, we must discard the
assumption of a diagonalized covariance matrix and instead adopt a raster mask imaging
approach. This framework relies fundamentally on the premise of multimode squeezing.

Although Fig. 5.5 shows us how one pixel is used at a time, there is a bit more work
that goes into creating the full covariance matrix. Recall the covariance is made up of the
quadrature projections of axes q and p per each basis measurement, or pixel in our case.
Not only do we need a single quadrature projection variance (v(q)) but we also need its
orthogonal counterpart (v(p)) and combination of both (v(g+ p)) per each pixel. We then
need to compare how ¢ and p quadratures from each pixel interact with quadratures ¢ and p
from every other pixel via the covariance matrix. As the number of pixels used in the total
reconstruction grows, the number of required measurements quadratically grows. Unlike
in our classical and single mode reconstructions, our number of measurements scales with
covariance size as (2n)%. But note, this can be done with non-square matrices whereas

Hadamard masks were square by definition.
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FIG. 7.6: Three types of LO masks are used to gather all needed variance measurements. Here
we show an example of masks used in a two pixel reconstruction where 6 is the repeated PZT
sweep. a) A single pixel where pixel 1’s ¢ and p quadrature projects are measured, v(q;) and
v(p1), respectively. Note pixel 2 is measured similarly to collect v(g2) and v(p2). b) Two
pixels are used to collect variance combinations v(q; + ¢2) and v(p; + p2). ¢) Two pixels where

pixel 2 has a § mask phase difference compared to pixel 1. This LO mask measures v(q; + p2).
Applying the 7 mask phase shift to pixel 1 instead of pixel 2 yields the projection measurement

of v(g2 + p1).

In order to obtain all of these types of variances, there are three types of LO masks used

per every two pixels, as shown for a two pixel (n = 2) example in Fig. 7.6; a single pixel,
two pixels, and two pixels with a phase difference. We simultaneously track a reference
trace from the reference laser for every measurement taken and arbitrarily take the first
v(x,) point where it aligns with the maximum peak of the reference trace. As no changes
are made to the reference trace, we know the trace of the reference should not be changing

and shift all mask measurements accordingly. In the previous classical and two mode
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assumption reconstructions, we directly extracted a phase difference relative to a reference
and incorporated this phase into our reconstruction. By contrast, our generalized method
of directly shifting masks captures equivalent information through indirect processing,
ensuring all masks remain mutually aligned as demonstrated in Fig. 7.6.

We first collect v(qq), v(p1), %v(ql + p1) variances, and scan LO phase from turning
pixel 1 on and leaving pixel 2 off as shown in Fig. 7.6a. v(p;) is half a period from v(q),
as rotating the noiseball by half a period results in the orthogonal projection to be on
quadrature ¢. Similarly, v(q; + p1) is measured a quarter period away from v(q;). This
process is repeated for pixel 2 on and pixel 1 off resulting in variance measurements v(gs),
v(p2), and v(ga + p2). Fig. 7.6b has both pixels 1 and 2 on where v(q; + ¢o) is measured
at the same PZT sweep location as v(x,). A half period away we collect v(p; + p2). The
last type of mask we collect has both pixels on, but with a phase difference. Fig. 7.6¢
illustrates pixel 1 on and pixel 2 on with a 7 phase mask placed via the SLM such that
we measure v(q; + pz) at the same start point as v(z,,). Then the 7 phase mask is placed
on pixel 1 compared to pixel 2 permitting us to collect v(gs + p1).

Once all variance measurements are made, they are combined into an experimental

covariance matrix shown in Fig. 7.8a. The elements of the covariance follow Eq. 2.14 and

combine as

AP = 000 + ) — v(a) — vl (7.50)
s 00) = 5[0 + ) = 0(am) = (0] (7.5b)
1) = 500D+ 2) — (p1) ~ v(p2)] (7.50)
Aanspn) = [0l + p2) ~ vlan) — v(pn)] (750

for two pixels m and n.

Fig. 7.7 shows a few examples of quadrature noise traces for n = 4 pixels. Physically,
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in the single pixel mask measurements we collect v( and must multiply by a factor

tadpe)
of 2 to find v(gy, +pm). The reconstruction results of the noise traces are shown in Fig. 7.8.
Each mask trace is again fitted with Eq. 6.2. The dark blue trace shows the data of single
pixel 4, its fit, v(q), v(ps), and v(gs + p4). The black trace comes from single pixel 3,
where we similarly find its fit, v(gs), v(p3), and v(g3 + p3). The point where v(g3) is taken
is offset by a period for visual convenience, but is actually taken at the same PZT sweep
as v(qs+ q2), v(qa +p2), and v(qy). The light blue trace comes from the double pixel mask
of pixel 2 and 4. Here we find the fit of 2 and 4, v(q4 + ¢2) and v(ps + p2). Lastly, we have
the data and fit of double pixel mask 2 and 4 but where pixel 2 has a § so we can collect
v(qs +p2). As expected, the red trace with its partial 7 phase shift is almost half a period
off from the light blue trace of double pixels 2 and 4. As it is highly unlikely that the LO

and signal are perfectly centered on the four pixels, we can only approximate this effect

from our raw data fits.
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FIG. 7.7: The raw data and fits of single pixel 4 (dark blue), single pixel 3 (black), double
pixels 4 and 2 (light blue), and double pixels 4 and 2 with a § phase mask (red). Single pixel
3 traces collect v(q3), v(ps3), and %v(qg + p3) values. Single pixel 4 traces collect v(q4), v(p4),
and %v(q4 + p4) values. Double pixels 4 and 2 collect v(gs + g2) and v(gs + g2) values. Double
pixels 4 and 2 with a phase mask collect v(g4 + p2). The inlay shows the noiseball of the m!"
mask at some arbitrary rotation.

7.3 Generalized Reconstruction

Although Fig. 7.6 demonstrated quadrature variance measurements with n = 2 pixels,
this process can be expanded to more pixels. However, as we must now collect measure-
ments from one pixel at a time, the measured light power will be significantly limited.
Experimentally, we have only been able to reconstruct modes with a resolution of n = 4
pixels as that already limits the LO power to 25% and we are brought close to dark noise
in several measurements. Further reducing single pixel measurements to a high pixel count

will require more laser power.
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We show our general reconstruction results in Fig. 7.8 for a n = 4 pixel mask in a
2x 2 form. Fig. 7.8a is the covariance made out of the traces described in Sec. 7.2 and with
a select few displayed in Fig. 7.8b. Note the raw data traces are a copy of Fig. 7.7, but
placed next to the covariance matrix for convenience. Looking at the covariance diagonal,
we see v(g3) = 1.72, v(p3) = 2.39, v(qs) = 1.79, and v(ps) = 2.83, which align with the
black and dark blue fit traces in Fig. 7.8b, respectively.

By following Eq. 7.2, we can verify the covariance matrix element c¢(qs, p3) as ¢(gqs, p3) =
3120(2722) —v(gs) — v(ps)] = 5[2(2.04) — 1.72 - 2.39] ~ 0.1, aligning with what we see in
the covariance matrix, in Fig. 7.8a. Note, as the covariance matrix is symmetric, we also
see ¢(ps, q3) = —0.1.

Once the covariance matrix (X,) is created, and verified, we send it through our
decomposition process Sec. 4.2. Note the decomposition processes do not maintain pixel
order, but display in order from the strongest mode to the weakest mode. Fig. 7.8c
displays the Williamson Decomposition results, matrix D, where we see the first strongest
mode is zero, or holds no thermal information, the second strongest mode holds some
thermal information, D(2) = 1.5, and the weakest two modes have thermal information
D(3) = 2.13 and D(4) = 3.60, respectively. Recall Williamson Decomposition produces
matrix S, which we send through Bloch-Messiah Decomposition. Matrix Z from Bloch-
Messiah Decomposition is shown in Fig. 7.8d and holds the squeezing information of each
reconstructed mode. We see the most squeezed mode has rz) = 0.63 and squeezing
lessens as the modes weaken such that we see ry(2) = 0.80, rz3) = 0.87, and rz4) = 0.91.
The corresponding antisqueezing values are not displayed as they are simply values of
%. Bloch-Messiah Decomposition also produces matrix Oy, which holds the spatial shape
structures of the modes. By following the process outlined in Subsec. 4.2.2 we reconstruct
four spatial modes, shown in Fig. 7.8e-h. Unlike in our simulation example, Sec. 4.3) our

system has complex modes where we show the phase reconstruction portion of the modes in
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Fig. 7.8 e.2-h.2. The amplitudes of the mode reconstructions are shown in Fig. 7.8 e.1-h.1.
As our reconstructions are limited to n = 4 pixels, the spatial mode reconstructions
are uninteresting in this square 2 x 2 form. We will later demonstrate a more interesting

case of striped pixels, taking a 4 x 1 form.
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FIG. 7.8: A 2x2 pixel reconstruction run. a) The measured covariance matrix in
(¢1,92, 93, 94,1, P2, P3,pa) order. b) Select mask traces plotted in PZT phase sweep verse lin-
earized noise levels. ¢) Thermal field amplitude values of each reconstruction mode. d) Squeezed
field parameter values of each reconstructed mode. e.l) Reconstructed amplitude of the first
mode. e.2)Reconstructed phase of the first mode.f.1) Reconstructed amplitude of the second
mode. f.2)Reconstructed phase of the second mode. g.1) Reconstructed amplitude of the third
mode. g.2)Reconstructed phase of the third mode. h.1) Reconstructed amplitude of the fourth
mode. h.2)Reconstructed phase of the fourth mode.
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7.4 Shake Out of Covariance Matrix

As we move on from square masking techniques and reduce laser power per mask,
compromised covariance matrices quickly emerge when approaching dark noise thresholds.
This proximity to dark noise levels degrades the signal-to-noise ratio (SNR), causing matrix
decomposition processes to yield non-physical results due to the corrupted covariance
structure.

To address this, we have developed a ”shake out” method that adjusts the measured
covariance matrix to preserve the physicality of the parameters. The Shake Out modifies X3,
to Xj, Specifically, this approach aims to make minimal alterations to the original measured
covariance so that minimal changes are made to ¥,. The modified covariance from the
shake out method is identified as hspape (Eq. 7.6). We additionally need to uphold unitary
propagation transformations hyanss (Eq. 7.7), and to ensure that any thermal states retain
a realistic photon count.

We first ensure that the adjusted covariance matrix remains as faithful as possible
to the actual experimental outcomes, thereby minimizing the introduction of artificial
artifacts. This principle is essential because any unnecessary alteration to the measured
data could obscure or distort the underlying physical phenomena we aim to study. The

difference of the shake out covariance matrix is weighted as

(Zo - Eh>2

W. (7.6)

hshape -

The second shake out parameter still looks at the covariance matrix (3,) directly and
ensures that any linear transformations it underwent are physical. Recall any transforma-

tions should be unitary. We check this by verifying that all eigenvalues of the covariance
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matrix are positive. Should there be one or more negative eigenvalues we collect them as

Riransy = Z (eigenvalues < 0) (7.7)

n

The shake-out process initially iterates through the first two criteria until both are
satisfied. If the covariance matrix contains any negative eigenvalues, the decomposition
will not succeed, and no results will be produced. This also results in the first two criteria
being weighted equally as Aspape = 1 and Apgnsy = 1.

The last shake out parameter collects the diagonalized Williamson Decomposition

thermal field values (D) as

he = () _[(D—=1) <0))* (7.8)

n

as thermal fields cannot have an average photon number less than 1 (Subsec. 2.8.4).
Williamson Decomposition is weighted for a smooth first derivative and from trial and
error is required to be larger than the weights from our first two criteria. H,, is weighted
at least three times as much via )\, = 3.

All three shake out criteria are summed together to create a total score for the shake

out covariance >j as
SCorep = )\shapehshape + )\transfhtransf + )\whw (79)

The shake out minimizes the score and repeats until a value of score, = 0 is achieved.
An example of an optimization plot is shown in Fig. 7.9 where in this particular
instance we sent a noisy mode made of n = 16 pixels with a squeezing parameter of
r = +/0.5 ~ 0.71 into our simulator. The shake out method was able to reduce the score
to 0.75, but it took over 10° iterations, revealing the process’s considerable demands in

terms of labor and time.
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FIG. 7.9: An example of how many iterations needed to reach score; ~ 0 via our shake out
method.

As an example, Fig. 7.10a displays an experimentally measured covariance matrix and
its shake out companion >; in Fig. 7.10b. Note that although the element values have
been shifted, the overall pattern of the covariances remains the same.

We will discuss this shake out example further as it appears again in Fig. 7.18.

a) Measured Covariance (Z,) b) Shake Out Covariance (Z,)
q; 9, 93 93 P; i 92 93 92 P1 P2 P3 ps

P2 Ps P, .
q
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CF
ds
Py
P2 ’
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FIG. 7.10: a) An experimental covariance matrix. b) The resulting covariance matrix from the
shake out method.
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7.5 Spatial Reconstructions

Using the simulation discussed in Sec. 4.3, we estimate how much noise our decompo-
sition process can handle before significantly altering mode structures and their squeezing
parameters. Arbitrarily using (n = 4) pixels for the reconstruction, we simulate one
squeezed mode with a varying squeezing parameter r with various amounts of noise added
to the covariance.

Fig. 7.11a shows how reconstructed squeezing changes as more and more noise is
added to the covariance matrix. A random noise matrix (IT) normally distributed with a
spread of £7 added to the measured covariance as

E/ = EOangn + H2n><2n- (710)

02nx2n

From there, 3/ takes the place of a measured covariance and we decompose it with our
standard process and using the shake out method as needed when 7 becomes too contam-
inating.

We run several cases of squeezing; » = 1, 0.71, 0.45, 0.32, 0.26. Note r = 1 indi-
cates there is no squeezing present in the system and the value of 1 has been normalized
to represent shot noise. Thus, reconstructed squeezing values closer to 0 indicate more
squeezing.

Fig. 7.11a shows the squeezing parameter of the strongest reconstructed mode for
various input squeezing parameters, r, and added noise values, 1. Fig. 7.11b shows the
thermal field value of the strongest reconstructed mode for various input squeezing pa-
rameters, r, and added noise values, . As only one mode was used in the simulation,

1

any excess noise correlates to . Fig. 7.11c shows the squeezing parameter of the second

strongest reconstructed mode for various input squeezing parameters. But note, as we only
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sent in one mode, this reconstruction should yield vacuum. Similarly, Fig. 7.11d shows the
thermal field value of the second strongest reconstructed mode, which again is vacuum.

In Fig. 7.11a where no noise is added (n = 0) we see a squeezing value that matches
our original input. As noise increases, we see an increase of the squeezing value for cases
of r < 1 (blue trace) as the added noise increases. This tells us that any excess noise
will hallucinate squeezing in a true vacuum mode! In our other reconstructed squeezing
parameters, where squeezing actually exists, we see a slow degradation of r as added noise
is increased. This trend continues until around n = 0.27 where results become inconsistent,
informing us that this is likely the maximum amount of noise our system can handle while
producing reasonable results. Our covariances with added noises of n < 0.27, although
not pictured, do not have elements that exceed a value of 1.5, meaning we can handle
noise uncertainties of approximately 17% and still reconstruct within the general regime
our system is in.

The thermal parameters of the strongest mode are shown in Fig. 7.11b where each
color trace corresponds to its match in Fig. 7.11a. When 1 = 0, we reconstruct no thermal
contributions, or 1 as expected. However, once the system becomes noisy, we see thermal
contributions grow. Where in Fig. 7.11a we saw a general trend of degraded squeezing, on
the other side, we see thermal contamination grow similarly and more quickly the more
squeezing there is (recall the light blue simulation is the most squeezed).

We next show the second mode squeezing parameter reconstruction (Fig. 7.11c) and
thermal reconstruction (Fig. 7.11d), where we sent in vacuum. As we saw in the r =
1 vacuum case in Fig. 7.11a (dark blue trace), our decomposition scheme hallucinates
squeezing in cases of vacuum. This is true, regardless of the squeezing parameter of other
modes. We similarly see that thermal noise grows as our system noise (1) increases,

solidifying our understanding of how noise affects the system.
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FIG. 7.11: Reconstructed squeezing level for various amounts of added noise where a) is the
reconstructed squeezing parameter of the strongest mode, b) is the reconstructed thermal pa-
rameter of the strongest mode, ¢) is the reconstructed squeezing parameter of the next strongest
mode, and d) is the reconstructed thermal parameter of the second strongest mode.

For completeness, we display the unwrapped strongest mode reconstruction amplitude

for r = 0.71 and » = 0.26 in Fig. 7.12a,b respectively. Each mode is shown under varying

noise conditions, n = 0, 0.2 0.4. Fig. 7.12a shows the actual amplitude in blue when there

is no noise added to the system, an increase in noise to n = 0.2 still reconstructs a fairly

flat phase that is not far off from the input mode. Even n = 0.4 produces a reasonable

amplitude reconstruction, though it is unreliable and not repeatable. Fig. 7.12b shows the
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same added noise, simply for » = 0.26 instead. Here it is apparent that the amplitude
reconstruct of the n = 0.4 case is unreliable, but the n = 0.2 case is repeatable and very

close to the flat amplitude input.

Mode Shape Amplitude

a) Sqz=0.71 First Mode Amplitude . b) Sqz=0.26 First Mode Amplitude
—&—noise=0 —&—noise=0
09F —4—noise=0.2 09 F —&—noise=0.2
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FIG. 7.12: a) Unwrapped reconstructed mode amplitudes for a = 0.71 mode with added noise

n =0,0.2,0.4. b) Unwrapped reconstructed mode amplitudes for a r = 0.26 mode with added
noise n = 0,0.2,0.4.

Our noise study concludes with the understanding that noise can make fake squeezing

appear in a vacuum, but we can get reasonably close to the actual squeezing value until

there is a noise contamination of n = 0.27.

7.6 Stripe Mask Simulation

Thus far we have only used square mask reconstruction, or n = 4 in a 2 x 2 setup.
As we are experimentally power starved and cannot increase pixel resolution, we move

to 4 x 1 masks and move the signal probe across the pixels to make a demonstration
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of how the mode reconstructions will change. We anticipate that the mode amplitude
strength will correlate to whichever pixel the signal best overlaps with. Experimental
results are conducted thus that the signal probe is centered, moved upward, and downward.
Experimental results will be discussed in Sec. 7.7.

We first use our simulation process, as done in our noise study, to move the ’signal’
into each one of the n = 4 pixels with perfect overlap one at a time, under different noise
conditions. We set the input signal mode to have a squeezing parameter of r = v/2 ~ 0.71.

Fig. 7.13 shows the covariance (top row), reconstructed mode amplitude (middle row),
and reconstructed mode phase (bottom row) of n = 0 cases. The first column shows
the ’signal’ perfectly overlapped with the top mask stripe, the second column shows the
‘signal’ perfectly overlapped with the top mask stripe, the third column shows the ’signal’
perfectly overlapped with the third mask stripe, and lastly the fourth column shows the
‘signal” perfectly overlapped with the bottom mask stripe. The second row, reconstructed
mode amplitudes, clearly shows which striped pixel the ’signal’ overlaps with while the
reconstructed phases in the third row remain flat, aligning with the input mode. Each

reconstruction squeezing parameter is » = 0.71, also aligning with our input mode.
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FIG. 7.13: Simulation of how mode shapes change as the signal probe spatially moved across
different mask stripes without noise. a.l) The covariance matrix, in (q1,...,Gn,P1,--,Pn)
order, where the signal has perfect overlap with the top striped pixel, a squeezing parameter
r = 0.71. b.1) The covariance matrix where the signal has perfect overlap with the second
from the top striped pixel, a squeezing parameter » = 0.71. c¢.1) The covariance matrix where
the signal has perfect overlap with the third from the top striped pixel, a squeezing parameter
r = 0.71. d.1) The covariance matrix where the signal has perfect overlap with the bottom
striped pixel, a squeezing parameter r = 0.71. a.2) Amplitude reconstruction of the mode when
the signal is perfectly overlapped with the top striped pixel. b.2) Amplitude reconstruction of
the mode when the signal is perfectly overlapped with the second from the top striped pixel.
c.2) Amplitude reconstruction of the mode when the signal is perfectly overlapped with the
third from the top striped pixel. d.2) Amplitude reconstruction of the mode when the signal
is perfectly overlapped with the bottom striped pixel. a.3) Phase reconstruction of the mode
when the signal is perfectly overlapped with the top striped pixel. b.3) Phase reconstruction of
the mode when the signal is perfectly overlapped with the second from the top striped pixel.
c.3) Phase reconstruction of the mode when the signal is perfectly overlapped with the third
from the top striped pixel. d.3) Phase reconstruction of the mode when the signal is perfectly
overlapped with the bottom striped pixel.

1 2 3 4

-2

Fig. 7.14 repeats the same process as Fig. 7.13, but with a noise matrix with n = 0.05
added to each covariance matrix. Although the amplitude reconstructions of the second
row are still able to successfully track which pixel the signal overlaps with, there is an

uncertainty of 0.5+0.1 in amplitudes. As some noise was added, this is expected. nn = 0.05
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is within our noise tolerance and the results are repeatable and valid.

However, once we look at the mode phase reconstructions in the third row, we see
the added noise induces unpredictable phase jumps, which is expected. At the time of
publication, this is still a problem to be resolved, but we will continue on with amplitude
reconstructions.

The reconstructed squeezing parameters have the values r = 0.75,0.73,0.72,0.74 for
Fig. 7.14a,b,c,d respectively. The reconstructed squeezing parameters are comparable to
our input mode’s squeezing parameter. Our simulation does not account for the difference
in illumination of the pixels. In the experimental results, it is predicted that the upward

and downward signal positions will yield less squeezing due to a decrease in overlap.
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FIG. 7.14: Simulation of how mode shapes change as the signal probe spatially moved
across different mask stripes with added noise n = 0.05. a.l) The covariance matrix, in
(q1y---yqn,D1,-..,pn) order, where the signal has perfect overlap with the top striped pixel, a
squeezing parameter 7 = 0.71. b.1) The covariance matrix where the signal has perfect overlap
with the second from the top striped pixel, a squeezing parameter r = 0.71. c¢.1) The covari-
ance matrix where the signal has perfect overlap with the third from the top striped pixel, a
squeezing parameter r = 0.71. d.1) The covariance matrix where the signal has perfect overlap
with the bottom striped pixel, a squeezing parameter r = 0.71. a.2) Amplitude reconstruction
of the mode when the signal is perfectly overlapped with the top striped pixel. b.2) Amplitude
reconstruction of the mode when the signal is perfectly overlapped with the second from the
top striped pixel. ¢.2) Amplitude reconstruction of the mode when the signal is perfectly over-
lapped with the third from the top striped pixel. d.2) Amplitude reconstruction of the mode
when the signal is perfectly overlapped with the bottom striped pixel. a.3) Phase reconstruc-
tion of the mode when the signal is perfectly overlapped with the top striped pixel. b.3) Phase
reconstruction of the mode when the signal is perfectly overlapped with the second from the
top striped pixel. c.3) Phase reconstruction of the mode when the signal is perfectly overlapped
with the third from the top striped pixel. d.3) Phase reconstruction of the mode when the
signal is perfectly overlapped with the bottom striped pixel.

Fig. 7.15 again repeats the same process as Fig. 7.13, but with a noise matrix with
n = 0.1 added to each covariance matrix. As anticipated, there is some uncertainty
in the middle row of amplitude reconstructions, but the general trend of highlighting

the correct pixel can be seen. As there was already phase instability in the n = 0.05
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reconstruction case, we again see phase instability. Each reconstruction case found r =

0.73,0.74,0.77,0.76 for Fig. 7.15a,b,c,d respectively, which is still within our expected

tolerance.
a.1) Run8: Covariance b.1) Run9: Covariance c.1) Run10: Covariance d.1) Run11: Covariance
1 1 1 1
5 5 5 5
08 08 08 08
10 10 10 10
1 06 T 06 T 06 15 06
20 04 20 04 20 04 20 04
2 02 % 02 25 02 % 02
30 30 30 30
0 0 [ [
10 20 30 10 20 30 10 20 30 10 20 30
a.2) Run8: Mode 1 Amp. b.2) Run9: Mode 1 Amp. €.2)Run10: Mode 1 Amp. d.2) Run11: Mode 1 Amp.
1 1 1 1
1 1 1 1
08 08 08 08
2 06 2 06 2 06 2 06
3 04 3 04 3 04 3 04
02 02 02 02
4 4 4 4
0 0 [ [}
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
a.3) Run8: Mode 1 Phase b.3) Run9: Mode 1 Phase €.3)Run10: Mode 1 Phase
1 1
2 2 2 2
2 2
0 0 0 0
a = a
aE = i |- :
1 2 3 4 1 2 3 4 1 2 3 4

FIG. 7.15: Simulation of how mode shapes change as the signal probe spatially moved
across different mask stripes with added noise n = 0.1. a.l) The covariance matrix, in
(q1,--++Gn;D1,- - -, pn) order, where the signal has perfect overlap with the top striped pixel, a
squeezing parameter 7 = 0.71. b.1) The covariance matrix where the signal has perfect overlap
with the second from the top striped pixel, a squeezing parameter r = 0.71. c¢.1) The covari-
ance matrix where the signal has perfect overlap with the third from the top striped pixel, a
squeezing parameter 7 = 0.71. d.1) The covariance matrix where the signal has perfect overlap
with the bottom striped pixel, a squeezing parameter r = 0.71. a.2) Amplitude reconstruction
of the mode when the signal is perfectly overlapped with the top striped pixel. b.2) Amplitude
reconstruction of the mode when the signal is perfectly overlapped with the second from the
top striped pixel. ¢.2) Amplitude reconstruction of the mode when the signal is perfectly over-
lapped with the third from the top striped pixel. d.2) Amplitude reconstruction of the mode
when the signal is perfectly overlapped with the bottom striped pixel. a.3) Phase reconstruc-
tion of the mode when the signal is perfectly overlapped with the top striped pixel. b.3) Phase
reconstruction of the mode when the signal is perfectly overlapped with the second from the
top striped pixel. c¢.3) Phase reconstruction of the mode when the signal is perfectly overlapped
with the third from the top striped pixel. d.3) Phase reconstruction of the mode when the
signal is perfectly overlapped with the bottom striped pixel.

The presence of extra noise near dark noise thresholds systematically modifies re-
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constructed mode shapes through its impact on covariance matrix structures. As the
signal-to-noise ratio degrades, noise contaminates inter-pixel correlations in the measured
covariance matrix (X,), blurring spatial features (Fig. 7.10). The shake out method ad-
dresses this by minimizing deviations through hgpepe (Eq. 7.6) while enforcing physical
constraints like positive eigenvalues via hyyqnsy (Eq. 7.7). However, these corrections can-
not fully recover lost spatial resolution. The iterative optimization (Eq. 7.9) necessarily
prioritizes matrix physicality over fine structural fidelity, leading to homogenized mode
patterns.

This noise-induced smearing arises from fundamental trade-offs in covariance matrix
correction. While the weighted score optimization (Eq. 7.9) preserves covariance patterns,
local element shifts during shake out processing (Fig. 7.10b) accumulate as spatial averag-
ing effects in mode reconstructions. The method’s convergence requirement (scorey, = 0)
forces compromises between suppressing negative eigenvalues and retaining genuine modal
features. This is exemplified by the extensive iterations needed even for modest noise levels
(Fig. 7.9). Consequently, reconstructed modes exhibit a smeared modification due to the

excess noise.

7.7 Experimental Demonstration of Stripe Reconstruc-
tions

We experimentally show a reconstruction demonstration in which a 4x1 horizontally
striped mask is used. Similarly to the simulations conducted in Sec. 7.6, we first recon-
struct the signal overlapped near the top of the masked horizontal stripes, then centered
on the middle two stripes, and lastly lower down on the striped mask. We focus on the

reconstruction of the mode’s amplitude and squeezing parameter, as our simulations con-
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cluded there are further efforts needed for phase reconstructions. One note to make: we
increase the averaging and automating processes in the data acquisition scheme to com-
pensate for traces that are near dark noise. Thus, there were frequent pauses between
runs, leaving enough time for laser drifts and other experimental inconsistencies discussed
in Ch. 5. Additionally, due to the longer acquisition time, several runs failed in communi-
cation protocols requiring the run to restart. Luckily, we can utilize the shake out method
for completed runs.

The signal is first in an 'upward location’ as shown in Fig. 7.16a. The first row shows
a camera display for reference where the stripes are shown with purple dividing lines,
the LO is circled in green, and the probe is circled in red. The second row shows the
covariance, shake out covariance, thermal field reconstructions, and squeezed parameter
reconstructions of the first run. The third row shows the same information as the second
row, but for run#2 and the bottom row has the repeated information for a third run.

Fig. 7.16b,f,j displays the measured covariances (%,) of the experimental setup. How-
ever, as none of the measured covariances were decomposable, we utilize the shake out
method to produce ¥, as shown in Fig. 7.16¢,g,k. From there each runs’ thermal (Fig. 7.16d,h,m)
and squeezing parameters (Fig. 7.16e,i,n) are shown.

Runs 1 and 2 were taken back to back while runs between 2 and 3 initially failed,
causing a much longer time delay and is likely why the covariance matrices of run 3 yield
a different shape. However, in all cases, the third pixel is clearly highlighted. It was
expected that one pixel be stronger than the others. The squeezing parameters of the
strongest mode from runs 1 and 2 are similar as 74,1, = 0.45 and 7,0, = 0.48. We
suspect run 3’s different squeezing parameter again highlights the change in experimental
settings.

As we were using n = 4 pixels, there are four modes reconstructed in total per run,
where each mode reconstruction is shown in a column of Fig. 7.17. The first mode is
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the strongest and we see a consistent amplitude reconstruction between all three runs,
as expected. Phase reconstruction has been m wrapped and is included for completeness.
There is similarity between the phase reconstruction of runs 1 and 2, but it is overall
inconsistent. As we move down the columns of Fig. 7.17 we reconstruct weaker and
weaker modes, but as a vacuum mode is never reconstructed, it is likely there are more
than four modes in the system. This is also supported by the amplitude reconstruction
of the weakest mode in each run. There is a clear relation, but as all modes must be
orthogonal, it is likely that the remaining components of the runs are similar, yielding a
repeatable weakest mode amplitude.

The signal is next (somewhat) centered between the two most illuminated stripe
pixels and Fig. 7.18 follows the same structure as Fig. 7.16. Here each runs’ covariance
highlights pixels 2 and 3, as expected. Again the first two runs are most similar, suggesting
experimental changes in the third run. This is again highlighted by each run’s strongest
mode squeezing parameter where 7,.,,1, = 0.74 and 7,.,,2, = 0.72 are fairly similar. As
expected we see more squeezing in the signal center case than in the signal upward position,
as we are better overlapped, or more centered, with the LO and are utilizing the more
illuminated pixels.

The unwrapped mode amplitude and phase reconstructions are shown in Fig. 7.19,
following the same ordering patter as in Fig. 7.17. We see reasonable agreement in the
strongest mode’s amplitude reconstruction and as the modes weaken as we move down
the rows, there is again remaining components that artificially permit the weakest mode
amplitude reconstruction to be similar amounts all runs.

We discuss our last run-type: a downward aligned signal. The downward signal runs
were all done back to back, thus they had the shorted acquisition time between them.
Recall that the upward signal highlighted pixel 3, the centered signal highlighted pixels
2 and 3. Should logic prevail, we expect the downward signal to highlight pixel 2. From
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the covariances displayed in Fig. 7.20, we see that indeed pixel 2 is strongest. The third
run highlights ¢ rather than py, suggesting some noiseball rotation between runs, but
regardless, the squeezing parameters of the strongest mode from each run are similar as
Trunl; = 0.48, Trun2, = 0.49, and 7,.,,,3, = 0.49. Recall this is approximately the squeezing
value found for the upward signal, but less than the centered signal, as expected.

The mode reconstruction amplitudes and phases are shown in Fig. 7.21 where we
again see the amplitude reconstructions of the strongest modes agree and the weakest
mode amplitude reconstructions likely agree due to the orthogonality of the reconstructed
modes. Even here were our runs were most closely done back to back, there is no repeatable
phase reconstruction agreement.

We conclude that, experimentally, we can achieve representative runs that are within
our simulated noise tolerance, suggesting this reconstruction method is valid for separating

out individual modes from a multimode scheme.
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pixels (divided by the purple lines). b) The measured covariance X, of run 1. ¢) The shake
out covariance ¥, of run 1. d) Thermal reconstruction from Williamson Decomposition where
the strongest mode’s thermal parameter is D(1) = 1 for run 1. e) The squeezing parameters
reconstructed in run 1 where the strongest mode has a parameter of (1) = 0.45. f)The measured
covariance ¥, of run 2. g) The shake out covariance ¥j of run 2. h) Thermal reconstruction
from Williamson Decomposition where the strongest mode’s thermal parameter is D(1) = 1
for run 2. i) The squeezing parameters reconstructed in run 2 where the strongest mode has a
parameter of r(1) = 0.48. j) The measured covariance 3, of run 3. k) The shake out covariance
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FIG. 7.19: The signal is overlapped with pixels 2 and 3 such that a) the camera reference
image of the signal’s (red circle) overlaps with the LO (green circle) which is masked by four
striped pixels (divided by the purple lines). b) The unwrapped amplitude reconstructions of
the strongest mode from all runs and their average. c¢) The unwrapped phase reconstructions
of the strongest mode from all runs d) The unwrapped amplitude reconstructions of the second
strongest mode from all runs and their average. e) The unwrapped phase reconstructions of
the second strongest mode from all runs f) The unwrapped amplitude reconstructions of the
third strongest mode from all runs and their average. g) The unwrapped phase reconstructions
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weakest mode from all runs.
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FIG. 7.21: The signal is most overlapped with pixel 2 such that a) the camera reference image of
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CHAPTER 8

Conclusion and Outlook

In this dissertation, the spatial reconstruction of quantum states of light has been ex-
plored in depth, with particular attention to the identification and separation of individual
squeezed modes within complex multimode quantum optical fields. By constructing and
applying a generalized reconstruction framework, this work has shown that squeezed states,
which are essential for quantum-enhanced measurement and imaging, can be isolated even
when they are spatially overlapped and affected by noise. Through the combined use of
theoretical modeling, numerical simulations, and experimental validation, the approach
enables the retrieval of both squeezing parameters and spatial mode profiles from intricate
covariance measurements.

The integration of concepts from classical imaging with quantum measurement pro-
tocols made it possible to reconstruct not only classical objects but also the distributions
of quantum noise, though the current experimental setup is limited to four pixels due to
laser power constraints. The method has proven robust in the presence of technical noise
and has established clear benchmarks for noise tolerance and resolution, as confirmed by

both simulation and experiment, though further development is needed for comprehensive
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phase reconstruction.

Altogether, this dissertation delivers a comprehensive framework for resolving quan-
tum states of light in realistic scenarios where noise and mode mixing are present. The
techniques developed here pave the way for new advances in quantum-enhanced imag-
ing, precision metrology, and the study of complex quantum systems. Looking ahead,
the methods described offer a route to further improvements in spatial resolution, noise
mitigation, and the practical deployment of quantum resources in measurement, with the

potential to impact quantum information science and advanced sensing technologies.
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