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Higher-order nodal hinge states in doped superconducting topological insulator
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Doped strong topological insulators are one of the most promising candidates to realize a fully gapped three-
dimensional topological superconductor (TSC). In this Letter, we revisit this system and reveal a possibility for
higher-order topology which was previously missed. We find that over a finite range of doping, the Fu-Berg
superconducting pairing can give rise to both Majorana surface states and nodal hinge states. Interestingly, we
observe the coexistence of surface and hinge modes in the superconducting state only when there are both bulk
and surface Fermi surfaces in the normal state. Also, we find that the hinge modes can appear for normal states
consisting of doped strong or weak topological insulators. In summary, this work may allow for the discovery
of superconducting hinge modes in a well explored class of materials, i.e., doped strong or weak topological

insulators.

DOI: 10.1103/PhysRevB.108.094504

Introduction. Since its discovery, the notion of topological
phases has been extended to almost all aspects of condensed
matter physics and related fields, such as photonics and cold-
atomic gases. The initial topological AZ classification table
has been extended multiple times and now includes crys-
talline phases and even gapless phases [1-3]. One of the
most recent additions are the so-called nth-order topological
phases which possess gapless states on boundaries having
codimension d, = n [4-16]. Hybrid-order topological phases
where first and second order boundary states coexist have
also been discovered [14,17,18]. Despite the many experimen-
tally verifiable material candidates for topological insulators
and topological semimetals, the search for topological super-
conductors (TSC) has proven to be more challenging. The
challenge lies in finding a single material in which the band
structure and interaction-driven superconductivity conspire
to form a topological phase. Finding a higher-order gener-
alization of TSCs usually requires additional bandstructure
features and/or exotic pairing, further complicating the search
for experimental candidates [19].

In this Letter, we revisit a family of promising solid state
candidates for first order 3D TSCs: doped 3D topological
insulators with time-reversal symmetry [20-25]. We show
that, remarkably, a system exhibiting the Fu-Berg interorbital
singlet pairing [21] can be tuned into a hybrid-order TSC
(HyTSC) phase with coexisting surface and hinge states by
doping such that both bulk and surface Fermi surfaces are
present in the normal state. The surface Majorana cones are
protected by time-reversal symmetry, while the hinge modes
are protected by mirror symmetries, so they can be manip-
ulated independently. Furthermore, we find that the HyTSC
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state can be achieved from a strong or weak TI normal state.
We demonstrate these phenomena using a conventional TI
model with cubic symmetry. We then briefly show that the
hinge states persist even in the absence of cubic symmetry
(e.g., in the presence of hexagonal warping) [26], which might
be relevant to realistic experimental contexts. Our main results
are summarized in Fig. 1.

Model. We start from a model of a superconducting TI with
the BAG Hamiltonian H (k) = > W'h(k)¥ [21], where

| Hrr(K) — —iA

and
Hri(K) = (M +o ) cos(/q)) k200
+10 Yy sin(kikoi, )

where «,, 0, a,b = x, y, z are Pauli matrices in orbital and
spin space, respectively, and kg, op are identity matrices. In
the following we set #o = #; = 1. For the ranges 1 < |[M| < 3,
0 < |M| <1, and |M| > 3, Hr; represents a time-reversal
invariant insulator with strong, weak, and trivial topology,
respectively. The pairing term is chosen to be the Fu-Berg
pairing [21]: A = Sox'o2, where § is the pairing amplitude.
It has been shown that this interorbital, odd-parity pairing
A is a relevant pairing instability in superconducting doped
TIs [21]. The Hamiltonian (1) preserves both time-reversal
and inversion symmetries, as well as fourfold rotation, Cj.
In the following we will discuss the HyTSC phase in this
system, which exhibits coexisting Majorana surface states and
mirror-protected nodal hinge states.
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FIG. 1. Summary of results. (a) For TIs described by Hr; with
|[M| < 2, there are three distinct topological superconducting phases
achievable by doping if we assume the bulk pairing takes the Fu-Berg
pairing [21]. As an example, for M = —1.5, when increasing u from
zero the system evolves to a strong TSC (STSC) (red solid line) with
a winding number W = 3. By further increasing p into the region
where bulk and surface Fermi-surfaces coexist in the normal state
(shaded purple region), we find a STSC that coexists with a HOTSC
with nodal hinge states (labelled by STSC + HOTSC). Upon further
increasing u, the hinge states vanish (black solid line), realizing a
STSC. Finally, another TSC appears having VW = 2 (red dashed line)
as u increases further. In contrast, for (b) |[M| > 2 we find STSC
phases but we do not find a HOTSC phase and corresponding hinge
states.

Normal phase. While the precise value of |M| in each of the
ranges listed above has no bearing on the topological prop-
erties of the insulating state, it can, however, have a notable
effect on the nature of the Fermi surfaces at a given Fermi
level. The different Fermi surface structures are correlated
with the resulting TSC phases. For illustration we show rep-
resentative examples of the normal phase spectrum of Hr; for
values of M = —2.5, —1.5, —0.5 in Figs. 2(al)-2(c1). These
spectra are calculated for open boundaries in z, but periodic in
x,y. We show a particular k, = 0 slice where one can see the
bulk gap (which is the same size for all three values of M) and
midgap surface states. The values M = —2.5, —1.5 are strong
TIs, while M = —0.5 is a weak TI which has an even number
of surface Dirac cones (only one is visible at k, = O because
the other is centered around k, = ).

The first two values of M, despite being in the same
topological phase, have qualitative differences in their surface
and bulk Fermi surfaces that turn out to be important for
the characterization of the TSC phase. To illustrate this, let
us focus on the red bars marked in Figs. 2(al)-2(cl). These
denote a window of energy in which the surface and bulk
states coexist (which we denote the surf-bulk region), and
which varies as M changes. The coexistence region is generic
as there are only two fine-tuned values of M =0, —2 [see
Fig. 4(al)] where the system is insulating and the surf-bulk
region vanishes. We also note that the closer the value of M
is to the weak-to-strong TI phase transition at M = —1, the
wider the surf-bulk region becomes. We find that as long as
there is a finite surf-bulk region, the weak or strong topolog-
ical nature of the normal phase does not have a major effect
on the appearance of hinge modes, as we discuss below. This
and the fact the phenomena we examine survive to the weak
pairing limit are an indication that the physics is driven by the
Fermi surfaces and not the topology of the occupied bands.
We also note that the evolution of the surface Fermi surfaces

as one raises the chemical potential can be different within the
same topological phase, e.g., M = —2.5, —1.5, in Figs. 2(al)
and 2(b1). In the case of M = —2.5 the surface Dirac cone at
the I' point evolves into bulk Fermi surfaces encircling the I"
point, while for M = —1.5, the surface Dirac point evolves to
bulk Fermi surfaces centered at (ky, k,) = (0, ) and (7, 0).

Superconducting phase. Now let us consider the BdG
quasiparticle spectrum for this system. The bulk (first order)
topology protected by time-reversal symmetry can be charac-
terized using the 3D winding number [25,27]:

W= / dkei i [S(h' o) (W 3,y (W 8 h)],  (3)

4872
where S is a chiral symmetry that acts as Sh(k)S~! = —h(k).
For the DIII class, W takes integer values and guarantees
the existence of the surface Majorana cones when it is non-
vanishing [25,27,28]. In our model, at a representative value
of 8o = 0.4, for example, the bulk superconducting spectrum
undergoes topological phase transitions as a function of u.

In Fig. 1, we show W over a range of u for two represen-
tative values of M = —2.5, —1.5 (see [29] for more detail).
Both values of M have a topological phase transition at pt.; =
E, — 60/2 = 0.3, where E, is the insulating gap. For |[M| < 2
the winding number transitions from zero to W = 3 at
while for |M| > 2 it transitions to VW = 1. In the ultra weak
pairing limit as 8o — O this difference can be ascribed to the
number of (spin-degenerate) Fermi surfaces affected by the
pairing, i.e., for |M| < 2 there are three closed Fermi surfaces
and each one surrounds one of the X, Y, and Z points in the
BZ, while for |M| > 2 there is a single closed Fermi surface
surrounding the I" point. The conventional bulk-boundary cor-
respondence indicates that a higher-winding number signals
higher numbers of stable surface states. Therefore, even at the
level of first-order topology the doped M| < 2 and M| >
2 insulators generate different superconducting topological
phases, even though their corresponding normal phases are
topologically equivalent [30]. Now, let us examine the sur-
face states in the superconducting phases more closely. In
Figs. 2(a2)-2(c2) we show the surface corresponding to the
Hamiltonian Eq. (1) with open boundaries in the z direction,
for M = —2.5, —1.5, —0.5 at fixed values of 6o = 0.4, u =
0.6; the other surfaces behave similarly due to the crystal
symmetries. Note that the chemical potential is within the
surf-bulk region denoted by the red bars in Figs. 2(al)-2(cl).
For M = —2.5, there is only one Majorana cone located at
ky =k, =0 in the reduced BZ, while the phase with M =
—1.5 hosts three Majorana cones: one at k, =k, =0 and
two others at (k,, ky) = (0, ), (7r, 0), in agreement with the
associated bulk invariants of YW = 1 and 3, respectively. In the
W = 3 phase there are two gapless points on the k, = 0 and
ky, = 0 lines; along these lines, the surface states attach to each
other and are free floating, i.e., they are detached from the bulk
states. This surface-state connectivity requires |VW| > 1.

Remarkably, when cutting the surface again to form hinges
the phase with YW = 3 has nodal hinge states when the chem-
ical potential is in the surf-bulk region. To see this explicitly,
in Fig. 3 we have plotted the evolution of the superconducting
surface and hinge states versus u for a TI with M = —1.5.
We find that the hinge states appear only when 0.5 < u < 1,
which corresponds to the surf-bulk region in the normal phase,
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FIG. 2. Emergence of hinge states for |M| < 2. (al)—(c1) Spectrum with open boundaries in the z direction (at k, = 0) of insulating
phases of Hy; in Eq. (2) with M = —2.5 (strong TI),—1.5 (strong TI),—0.5 (weak TI), respectively. (a2)—(c2) and (a3)—(c3) show surface
(open in z direction) and hinge (open in x and y directions) spectra of superconducting phases corresponding to (al)—(c1), respectively. The
shaded region denotes the range of chemical potentials for which bulk and surface Fermi surfaces coexist in the normal state. The parameters
80 = 0.4, u = 0.6 (in shaded area) are used for all superconducting spectra.

[c.f., Fig. 2(b1)], but not the full span of the YW = 3 phase. We
also note that, despite having its own surf-bulk coexistence
region, the YW = 1 phase does not exhibit such hinge states.

We can understand more about the nature and protection of
the hinge states by considering the low-energy Hamiltonian on
a single hinge. Consider the critical point of the hinge states
atM = —1.5,8p = 0.4, and u = 1.0 as shown in Fig. 3(d2).
At this critical point the energy spectrum of the modes on a
single hinge consists of two parabolas that touch at the high
symmetry point k, = 0. The critical Hamiltonian on a single
hinge is hence given by

Hyinge(k;) = k2. )

This low-energy Hamiltonian has a particle-hole symme-
try implemented by C = o, such that CHpinge(k)C —
—Hhnge(—kz). We also want the Hamiltonian to have mirror
symmetry M,, and there are two choices: M, = [ or M, = o*.
Both choices lead to M Hp (k)M = A, p(—k;). However,
the bulk Hamiltonian has operators that satisfy [C, M;] =0
so we choose M, = I (also, if we chose M, = ¢ the mirror
symmetric spectrum would not match the numerical results)
[31].

The generic Hamiltonian of the hinge states satisfying C
and M, is given by

Hip(k,) = K2o* + (u — 1)o7, Q)
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FIG. 3. The evolution of surface (al)—(f1) and hinge (a2)—(f2) states in the superconducting strong TI versus chemical potential . The
values of © = 0.4,0.6,0.8, 1, 1.3, 1.6 are used for (a)—(f), respectively. Insets in (b1) and (f1) show the 2D arrangement of surface nodes in

BZ. The parameters M = —1.5, 8, = 0.4 are used throughout.

to second order in k,. This Hamiltonian has energy bands
E(k;) = £(k? + w — 1). If i > 1, the two parabolas lift off
each other and generate a gapped phase as seen in numerics.
If u < 1, the base of the upper parabola moves below the peak
of the lower parabola leaving gapless, linear crossing points at

=+ —1].

Surface of Tl

-

Surface of SCTI

Hinge of SCTI

FIG. 4. Absence of hinge states for M = —2, —3.5 when coex-
isting surface and bulk states are absent. Surface states of the normal
phase, and surface and hinge states of the superconducting phase,
for M = —2 (al)—(a3) and M = —3.5 (b1)—(b3), respectively. The
parameters &y = 0.4; u = 1.2(a2), (a3); and 6y = 0.4, u = 0.8 (b2),
(b3) are used. Insets in (a2) show the 2D arrangement of surface
nodes in BZ.

We expand the Hamiltonian around the two & to find the
four-band Hamiltonian for the two valleys:

Hy (k;) = 2y/ I — 1lk.t°07, (6)

where ¢ acts in the valley space and k, represents the devia-
tion away from =%k7 in each block, respectively. Both mirror
and particle hole exchange the valleys since they flip the sign
of the k&, momentum. Hence, we would expect that in the
valley Hamiltonian C¥ = t*o* and M} = 7*I. One can check
that our Hamiltonian in the valley representation still has both
C and M, symmetry and that [C", M}] = O still holds.

To check the stability of the gapless hinge modes we enu-
merate all possible gapping terms. The full list is (1)t%c”,
2)r%e?, 3)lo*, (DI, (5)t*c*, (6)T*L, (T)r'c?, (8)7 L.
Each mass term breaks a symmetry, specifically: mass (1)
and (2) break mirror, mass (3) and (4) break particle hole,
mass (5) breaks translation, mass (6) breaks translation and
particle hole, mass (7) breaks translation and mirror, and mass
(8) breaks particlehole, mirror, and translation. Let us ignore
translation for a moment. We find that if we do not have mirror
we can add for example mass (1). If we do not have particle
hole we can add mass (3) so they are both required for pro-
tection. If we have both symmetries then all masses except (5)
are forbidden, and we can forbid (5) by assuming translation
symmetry along the hinge, as is implicitly required to protect
nodal points in general. While one might worry that doping
breaks the crystalline symmetries, doped topological super-
conductors show robust signatures of translation symmetry
in ARPES [32], and doped topological crystalline insulators
have shown robust signatures of symmetry-protected hinge
states [33].

Now let us consider the classification of the nodal points.
Suppose we make two identical copies of our Hamiltonian

=2/ |n — 1|k It%c*.

Because the copies are identical, the symmetries are C¥ =

It*c* and MV = [[z*]. Now consider mass (3) which broke
only particle- hole symmetry. For the doubled Hamiltonian we
can have the mass (3")u’lo”*, where u“ are Pauli matrices in
the double copy space. Since we have added an imaginary
matrix as compared to mass (3), this mass term will now
preserve particle hole. Adding the extra u” factor does not

H™™ (k) )
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affect translation or mirror so this mass term now obeys all
of the symmetries. Hence, the stability classification of the
nodal points is Z, since two identical copies can be gapped
while preserving all of the symmetries. Thus, while one hinge
is stable in the presence of the symmetries mentioned, if two
hinges are coupled then the modes can be gapped out.

It is important to note that the surface and hinge states can
be independently gapped out; therefore, time-reversal symme-
try does not play any role in the protection of hinge states (see
Table I in [29] for details).

We now comment on two specific cases which are par-
ticularly instructive. Figure 4 shows the surface (normal and
superconducting) and hinge (superconducting) plots for M =
—2 and M = —3.5. The former is a strong TI, while the latter
is a trivial insulator, and both cases lack a surf-bulk region.
We make two remarks: (i) while the emergence of first-order
topological superconductivity does not require nontrivial bulk
topology of the normal phase, we find hinge states in this
system only when the normal phase possesses surface states
generated by either weak or strong topology; and (ii) if we
pick a value of |[M| ~ 2 and fix @ such that hinge states are
generated, then tuning through |[M| = 2 while keeping p fixed
will drive a transition between the HyTSC phase and a first-
order topological superconductor since the normal state for
[M| = 2 does not exhibit coexisting surface and bulk Fermi
surfaces for any value of .

Discussion. We now make a few final remarks. First, as
we have shown, the higher-order gapless hinge states appear
for both weak and strong TIs. Hence, our finding facilitates
the experimental realization of hinge states by broadening
the range of possible material candidates. Second, in many
realistic TI materials, such as Bi,Te;, the surface states
are subject to hexagonal warping [26]. In the Supplemental

Material [29] we investigate the effect of a particular type
of hexagonal warping and find that hinge states can still ap-
pear, though the deformation caused by the warping affects
the parameter ranges and spatial location of the hinge states
compared to the case with C; symmetry studied here. A more
detailed analysis of the effects of hexagonal warping is left
for future work. As a last remark, we note that recently, there
have been many developments in characterization of TSCs
via symmetry indicators [34-37]. A particular example is a
recent work [18], which proposed a 3D hybrid-order TSC in
presence of C; symmetry using a more complex tight-binding
model and pairing. However, the invariants introduced there
cannot be applied to our system as the hinge states we
find are more akin to a 1D nodal superconductor protected
by mirror symmetry, and do not appear at high-symmetry
momenta.

Finally, we emphasize that the physics discussed in this
work opens up a new avenue toward the experimental dis-
covery of HOTSCs using well-studied material candidates, in
either weak or strong TIs phases, and calls for further careful
experimental studies in these systems, especially in scenarios
where the chemical potential intersects both bulk states and
topological surface states.
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I. HEXAGONAL WARPING

Here, we break the cubic symmetry by the addition of a term of (O(k®)) which in the hexagonal lattices represents
the effect of hexagonal warping. This will show that the cubic symmetry of the model is not crucial and hinge states
can appear in models with reduced symmetries. We use the following higher-order term which breaks in-plane rotation
symmetry down to the threefold rotation symmetry,

R
Hpeo = —71(1@‘1 + k2 ) kyoo (1)
We convert it to a lattice representation as follows:
Hpey = =Ry ( — 4sin(ky) — sin(2k,) + 6 sin(k,) cos(ky)) kyo0 (2)

The rotational symmetry breaks for any non-zero values of R;. However, R; breaks also both the mirror symmetries
along vy, z but keeps the M, intact. As a result we find that hexagonal warping gaps out the y, z—hinges but the
x—hinge remains gapless and only splits the two eight-fold nodes to four four-fold nodes. Fig. 1 shows the z,y, z-hinge
states of superconducting phase for weak hexagonal warping R;.

FIG. 1. The hinge spectrum of superconducting TT along the (a) z, (b), y and (c) z directions. We used M = —1.5, §o =
0.4, p=0.8 and R; = 0.1.

II. TABLE OF ALL ALLOWED PERTURBATIONS

Here we list table of all trilinear perturbations 7'x7¢* allowed by particle-hole symmetry. This table is produced
for the following set of parameters: M = —1.5, §yp = 0.4, = 0.8 (as used in Fig. 3(c1,c2)).



| (M, =1ZX[M, = ZZY [M, = 1ZZ|Cas = ZIX [Ca, = 11Y [Ca, = ZIZ|T = 1IY |1 = ZZI| Swf | Hinge|
1% 0 1 0 0 1 0 0 T [(Lo,D](1,L,1)
XY 1 0 1 0 1 0 0 0 |(1L,L,1)[(1,1,1)
YT 0 0 0 1 1 1 0 0 [(0,0,0)[(1,1,1)
IYX 0 1 1 1 0 0 i 0 [(LLD)[(L,L,1)
IY7Z i 1 0 0 0 1 I 0 [|(LLD)[(L,L,1)
1ZY 0 1 0 0 1 0 0 T [(1,0,1)[(0,1,0)
XIY (mass) 0 0 0 1 1 1 0 0 (0,0,0)[(0,0,0)
XXY i 1 1 1 1 1 0 T [(LLD)[(1,L,1)
XY1 0 1 0 0 1 0 0 T [(1,o,D)[(1,L1,1)
XYX 0 0 1 0 0 1 1 T [(1,1,1)[(0,0,1)
XYZ 1 0 0 1 0 0 1 1 |(1,1,1)[(1,0,0)
XZY 0 0 0 1 1 1 0 0 [(0,0,0)[(1,1,1)
YIY 0 0 0 1 1 1 1 0 [(LLD[(L,L,1)
YXY 1 1 1 1 1 1 1 T [(1,L,0)](1,1,1)
YY1 0 1 0 0 1 0 1 1 [(1,1,1)[(0,1,0)
YYX 0 0 1 0 0 1 0 T [(L,L,0)[(1,1,1)
YYZ 1 0 0 1 0 0 0 T [(0,1,D)[(1,1,1)
YZY 0 0 0 1 1 1 1 0 |(L,L,0)[(1,1,1)
711 1 1 1 1 1 1 1 T [(L,L,D)[(1,1,1)
7IX i 0 0 1 0 0 0 T [(0,L,D)[(1,1,1)
717 0 0 1 0 0 1 0 T [(1L,L,0)[(1,1,1)
ZXT 0 0 0 1 1 1 1 0 |(1,1,1)[(0,0,0)
7ZXX 0 1 1 1 0 0 0 0 |(LL,)[(1,1,1)
7X7 i 1 0 0 0 1 0 0 |(LL,)[(L,L,1)
7YY 1 0 1 0 1 0 1 0 [(LLD[(L,L,1)
771 1 1 1 1 1 1 1 T [(1,L,0)](1,1,1)
77X 1 0 0 1 0 0 0 1 [(0,1,1)[(1,0,0)
777 0 0 1 0 0 1 0 1 [(1,1,0)[(0,0,1)

TABLE I. “0” and “1” denote the absence or existence of the indicated symmetry. For surface and hinge, it is shown as (x,y,z)
vector of the corresponding cuts with “0” and “1” showing gapped and gapless boundaries respectively. For example (1,0,1)
for surface means surfaces perpendicular to the x, z remain gapless but the z-surface is gapped. For the hinge (1,0,1) means
the hinges parallel to z, z and y are gapless and gapped respectively. The (mass) indicates the perturbation which gaps out all
the surface and hinge states.

III. SUPERCONDUCTING WEAK TI

Here we show the corresponding plots of Fig. 3 of the main text for the case of weak topological insulators. This
clearly shows that despite the fact that the normal phases of weak and strong TIs possess very different topology, the
Majorana hinge modes can universally appear for both the superconducting weak and strong TIs. In fact there is no
difference between the superconducting phases of weak ad strong TIs in terms of 1st-order boundary and topology.
Similar to the superconducting strong T1, the first-order topology evolves from trivial to the W = 3 and then W = 2
topological phases. However, in the W = 2 phase, the two Majorana surface cones in the superconducting WTI are
positioned at the center and four corners (inset in 2(f1)) while for the superconducting STI they are located at the
four sides of the BZ (inset in Fig. 3(f1) of the main text).
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FIG. 2. The evolution of surface (al-f1) and hinges (a2-f2) states in Superconducting weak TI versus chemical doping y.
w=0.4,0.6,0.8,1,1.3,1.6, is used for (a-f), respectively. The inset in (b1) and (f1) shows the 2d arrangement of surface nodes.
M = —1.5, 6o = 0.4.
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